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These are notes for the ongoing1 moduli theory seminar at IISER Pune. The aim is to
study the proof of representability of Hilbert and Quot functors. The primary reference we
are using is [FGI+05]. A lot of the LATEX code in this document has been shamelessly copied
from the stacks project repository on GitHub2.

1. Schemes

For the sake of completeness we begin by reviewing the definition of a locally ringed space.

Definition 1.1. Locally ringed spaces.

(1) A locally ringed space (X,OX) is a pair consisting of a topological space X and a
sheaf of rings OX all of whose stalks are local rings.

(2) Given a locally ringed space (X,OX) we say that OX,x is the local ring of X at x.
We denote mX,x or simply mx the maximal ideal of OX,x. Moreover, the residue field
of X at x is the residue field κ(x) = OX,x/mx.

(3) A morphism of locally ringed spaces (f, f ]) : (X,OX) → (Y,OY ) is a morphism of
ringed spaces such that for all x ∈ X the induced ring map OY,f(x) → OX,x is a local
ring map.

We know that affine schemes are locally ringed spaces: we take SpecR with the zariski
topology and for any principal open set D(f) we assign the ring Rf . So, any ring R produces

the sheaf R̃ on SpecR. This is called the tilde construction. (sanity check: if you can do
this, then you should be able to construct a sheaf on SpecR for any R-module M).

Definition 1.2. A scheme is a locally ringed space with the property that every point has
an open neighbourhood which is an affine scheme. A morphism of schemes is a morphism of
locally ringed spaces. The category of schemes will be denoted Sch.

Definition 1.3. Let (X,OX) be a scheme. A sheaf of modules on X is a sheaf F on X such
that for every open set U , F(U) is an OX(U)-module. We say that a sheaf of modules F is

quasi-coherent if for every affine open U ' Spec (R), the sheaf F|U on U is of the form M̃
for some R-module M .

Make special note of the next lemma. This basically lets us reduce problems about schemes
to statement about affine schemes (ergo, ring theory), whenever the problem at hand is of a
local nature. Ravi Vakil calls this affine communication lemma.

Lemma 1.4. Let X be a scheme. Let P be a local property of rings. The following are
equivalent:

1Since August 21, 2020
2Thank you Aise Johan de Jong et al. for TeX-ing all that math!
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(1) The scheme X is locally P .
(2) For every affine open U ⊂ X the property P (OX(U)) holds.
(3) There exists an affine open covering X =

⋃
Ui such that each OX(Ui) satisfies P .

(4) There exists an open covering X =
⋃
Xj such that each open subscheme Xj is locally

P .

Moreover, if X is locally P then every open subscheme is locally P .

This is how commutative algebra meets geometry. Often, the properties that we want to
consider are “globalised” versions of statements about rings.1

1.1. Two ways of Gluing A1 \ {0}.
Take two copies of A1 := Spec k[x]2. Let U := Spec k[x, 1/x], be the complement of the origin
in A1.

A1 A1

U U∼

Giving this information is that same giving a scheme which is looks like A1 around every
point (why?). We consider two possible choices for the identification on U :

x 7→ x

x 7→ 1/x

Example 1.5. The first choice gives us a scheme which is like A1 everywhere except at the
origin where it is now two points instead of one. Notice that the ring of global section of this
scheme is k[x] (a global section is same as giving polynomials f, g ∈ k[x], one for each copy
of A1 which are equal on U ; conclude form this).

Example 1.6. The second choice gives us the projective line P1. This is looks like A1 with
“a point added at infinity”. We will now compute its global sections.

Let f, g ∈ A1 be two polynomials such that f(x) = g(1/x) in k[x, 1/x]. Then straightfor-
ward algebra shows that this can happen only when f, g are constant, i.e, Γ(P1,OP1) = k.

Example 1.7 (A DVR with double origin). Similar to A1 with double origin, we can glue
two copies of a DVR. Let R be a discrete valuation ring. Then SpecR has exactly two point:
the generic point (zero ideal) and the closed point (maximal ideal). The generic point is open
in SpecR and is given by SpecK, where K is quotient field of R. As for A1, the ring of global
sections of a DVR with double origin is R.

Furthermore, to determine any coherent sheaf (a quasi-coherent sheaf which is a finitely
generated module on each copy of R) it is sufficient to give a pair (n, T ) where n is a positive
integer and T ∈ Gln(K). Since R is a principal ideal domain, any finitely generated R-module
M is a direct sum of its free and torsion parts. Thus, if M,N are two finitely generated R-
modules,there exists an isomorphism (given by a K-linear map) M ⊗ K ' N ⊗ K if and
only if the rank of their free parts is the same. Of course, this description is not unique.
However, if we restrict to locally free sheaves, then we have a correspondence between locally
free sheaves on DVR with a double origin and pair (n, T ).

1You can also “globalise” morphisms of rings, but now you have two schemes to work locally on. We’ll do
this soon.

2For simplicity, assume that k is field, but this is not needed.
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1.2. P versus locally P .

All the above are examples of locally normal (in fact, regular), locally reduced and locally
Noetherian scheme1. For any property that is locally P (as defined in 1.4), the usual rule
of thumb for nomenclature is P = locally P + quasi-compact: for example, a scheme is
Noetherian if it is locally Noetherian and quasi-compact. Not all properties are of this type:
for example quasi-compactness, sepratedness, properness, etc. We will come back to this
when we discuss morphisms.

1.3. Line Bundles on P1.

Locally on an affine open, this should be a free module of rank one. Let’s contruct one such
line bundle (non-trivial, of course): There are two open sets, D(x) and D(y), on these our line
bundle looks like k[x] and k[y], respectively. Now, how do they glue on k[x, 1/x] ' k[y, 1/y]?
Let’s use the map which sends φ(1) : f(x) 7→ f(x)y, since y is 1/x in this ring, we see that
the global sections are linear polynomials. You construct such a map φ(n) for every power
of y. That will give you degree n monomials. These line bundles are called O(n)’s. Playing
around with the algebra of the maps φ(n) a little will that these line bundles satisfy relations
like O(n)⊗O(m) ' O(m+n), and admit duals which are denote by O(−n).2 [Discussed till
here as of August 28, 2020]

Example 1.8 (A slightly more involved scheme: Pn). Consider

D(xi) := Spec k[x0/i, x1/i, . . . , . . . , xn/i]/(xi/i − 1).

This is basically the same as An, but we write it like this for reasons that will become
evident soon. If we invert one of the variables, say xj/i, we can write an isomorphism
D(xi)xj/i

∼= D(xj)xi/j given by the maps

φij : xk/i 7→ xk/j/xi/j & φji : xk/j 7→ xk/i/xj/i

Now we just have to check that this agrees on triples. For this, you just have to check that
φij ◦ φjk = φik (what is the (co)domain of these maps?). Note that this construction doesn’t
really utilise the fact that k is a field.

1.4. A classical interlude.

Here’s a classical definition of Pn in terms of homogeneous coordinates. Let k be a field.
Consider kn+1 \ (0, 0, . . . , 0). We define Pn to be:

Pn := {(x0, x1, . . . , xn) | (xi) ' (yi) if there is a λ ∈ k× such that for all i, xi = λyi}

We denote the equivalence class of the tuple (xi) by [x0 : x1 : . . . : xn]. These are called
homogeneous coordinates. If we assume one of the coordinates to be non-zero, say xi, then
we can divide the entire tuple by it. This gives us a set, D(xi) := {[x0/xi : x1/xi : . . . : 1 :
. . . : xn/xi]}. It is easy to see that this set in bijection with kn. Set xk/xi := xk/i

3, then
tuples in D(xi) look like [x0/i : x1/i : . . . : 1 : . . . : xn/i]. This D(xi) should be thought of as
the complement of the hyperplane defined by xi (which is actually a projective space of one
dimension less).

1This is probably not standard notation, but instructive for the current discussion.
2The line bundle O(1) is important. To say that a variety is projective, we need to show that something

like O(1) lives on it. Actually, some lesser works, but we will come back to this later.
3This notation is meant to be suggestive.
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If an xj is non-zero, for a j distinct from i, then we can divide by it. This gives us the
relation, xk/i/xj/i = xk/j . This is the origin of the morphisms φij above1.

1.5. Proj of a graded ring.

Now that we have defined Pn, I want to motivate the proj construction for graded rings
using the example of Pn. In a sense, this construction is not very different from the gluing
construction above. However, it gives us more control ove the algebra and sheaf theory of Pn
and its subschemes. For example, every closed subscheme of Pn comes from a graded ideal
(this is a neat analogue of the affine case). Another advantage is that it lets us talk about
affine open covers given by the complements of non-linear hypersurfaces. This can be useful
when dealing with closed subschemes of Pn, but then we won’t need to make any choices
about waht affine covers should be.

Consider the ring S• := k[x0, x1, . . . , xn], now thought of as a graded ring with the grading
given by degrees of monomials. The degree of a monomial xr1i1 . . . x

rm
im

is the integer r1+. . .+rm.
The constants have degree zero. We can write our ring as S• = ⊕i≥0Si, where each Si is
the homogeneous component of degree i. Note that S• is generated by the elements xi’s as
an S0-algebra (here, S0 is k). The ideal generated by the xi’s is just S+ = ⊕i>0Si. This
is just the ideal (x0, . . . , xn) written by keeping track of the grading. We will call this the
irrelevant ideal. Then, proj of the graded ring S•, Proj(S•) is the set of those homogeneous
prime ideals which do not contain S+. This inherits a Zariski topology from SpecS•. We can
then to check that this is a scheme by producing affine open covers using the homogeneous
elements. The resulting scheme is Pn.

This can be a bit tricky to write down when the homogeneous elements have large degrees.
But to give you a flavour of what is going on, let’s examine what this is in for P1. We have
already seen a description of P1 above, by gluing A1 \ 0 in an “inverse fashion”. By the
above discussion, P1 := Projk[x, y]. Here’s a slightly different description of P1 using degree
2 hypersurfaces. Consider the homogeneous ideal (x2, xy, y2). Localise k[x, y] with respect to
x2. This gives us a graded ring (S•)x2 = k[x, y]x2 , where 1/x2 has degree −2. Thus, elements
here are of the form f(x, y)/(x2)N and can have negative degrees. Look at the zero graded
piece of this ring which we will denote by the horrible notation, ((S•)x2)0. This ring can be
described as,

((S•)x2)0 = k[xy/x2, y2/x2].

This can be identified with k[y/x]. So, Spec ((S•)x2)0 = A1. At this point, we have to check
that this does give an affine open in Projk[x, y]. This is true because there is a bijection
between prime ideal of ((S•)x2)0 and the homogeneous prime ideals of (S•)x2 (One way is
easy. For the other direction, take a prime p in ((S•)x2)0 and show that the radical of the
homogeneous ideal generated by p in (S•)x2 in prime2). Similarly, inverting the elements xy
and y2 in S• and looking at the zeroth graded pieces gives us the polynomial rings,

((S•)y2)0 = k[x2/y2, xy/y2]←→ A1

((S•)xy)0 = k[x2/xy, y2/xy]←→ A1 \ 0.

1If you have seen the construction of Grassmannians as smooth manifolds, the same construction also goes
through in algebraic geometry.

2There is nothing particularly enlightening in doing this exercise for x2, the exact same proof works for
any element of positive degree.
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The radical of the ideal (x2, xy, y2) contains the irrelevant ideal (why?). This implies that
every homogeneous prime ideal is contained in one of the above three affine pieces. Thus,
this gives us a covering of P1.

If instead we invert degree one elements x and y, the zeroth graded pieces of these locali-
sations look like,

((S•)x)0 = k[x/y]←→ A1

((S•)y)0 = k[y/x]←→ A1.

This will, then, recover our original construction of P1.
Note that if you just invert x2 and xy, then this does not give a cover P1, since the

the radical of (x2, xy) does not contain the irrelevant ideal. Geometrically speaking, this is
because inverting xy corresponds to the affine open of P1 obtained by removing 0 and ∞.
However, the radical of the ideal (x2, y2) does, indeed, contain the irrelevant ideal1. This
makes geometric sense because the elements x and x2 have the same vanishing locus.

1.6. Closed subschemes of Pn.
Just as in closed subschemes of an affine scheme SpecR, are given by ideals I ⊂ R, closed
subschemes of Pn correspond to homogeneous ideals of k[x0, . . . , xn].

Let Y
i
↪→ Pn be a closed subscheme. This is given by a sheaf of ideals I such that,

0→ I → OPn → i∗OY → 0.

On D(xi), this gives us an injection,

0→ Ixi → k[x0/i, x1/i, . . . , . . . , xn/i]/(xi/i − 1).

Let Ixi be generated by a collection of polynomials (f1, . . . , fr) on D(xi). If the degree of
highest degree term of fj is r, then xri fj is a homogeneous polynomial in {x0, . . . , xn} which
we will also call fj , by abuse of notation. Doing this for every D(xj), gives us a collection of
homogeneous elements of k[x0, . . . , xn]. Let I be the homogeneous ideal generated by these
elements. More precisely,

I := {(fkl) | the elements {fki}k generate Ixi}

We claim that Ĩ = I. To do this, it is sufficient to show that if f1, . . . fr are homogeneous
elements of k[x0. . . . , xn] which generate Ixi , and g1, . . . , gs are homogeneous elements of
k[x0. . . . , xn] which generate Ixj , then fl|D(xj) ∈ Ixj .

Note that on D(xixj) we have isomorphisms,

k[x0/i, . . . , x̂i/i, . . . , xn/i]xj/i → k[x0/j , . . . , x̂j/j , . . . , xn/j ]xi/j

xk/i
φij−→

xk/j

xi/j
xk/i

xj/i

φji←− xk/j .

Now by the sheaf property, Ixi |D(xixj) = Ixj |D(xixj). Thus, any generator fl of Ixi can be

expressed in terms of the generators gk’s of Ixj on D(xixj), and vice verse.

1This was pointed out to me by Kartik Roy.
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Write fl = fl(x0/i, . . . , xn/i), and gk = gk(x0/j , . . . , xn/j). Then, on D(xixj), we have,

fl(x0/i, . . . , xn/i) = fl(
x0/j

xi/j
, . . . ,

xn/j

xi/j
) =

∑
k

αkgk
xrki/j

,

where αk ∈ k[x0/j , . . . , x̂j/j , . . . , xn/j ]xi/j . Let degree of the highest degree term of fl(x0/i, . . . , xn/i)

be N . Then, multiplying throughout by xNi/j , gives us

xNi/jfl(
x0/j

xi/j
, . . . ,

xn/j

xi/j
) = fl(x0/j , . . . , xn/j) =

∑
k

xN−rki/j αkgk.

Thus, fl|D(xj) ∈ Ixj . A similar argument shows that gk ∈ Ixi .
Possible alternative approach. Just as in the case of P1, we can define the line bun-
dles O(n)’s whose global sections are degree n polynomials. Therefore, we can write that
k[x0, . . . , xn] = ⊕mΓ(O(m),Pn). For the exact sequence

0→ I → OPn → i∗OY → 0,

tensoring by O(m) gives,

0→ I(m)→ OPn(m)→ i∗OY (m)→ 0.

Since taking global section is a left exact functor, we have an injection for each m,

Γ(I(m),Pn)→ Γ(OPn(m)).

Let I = ⊕mΓ(I(m),Pn) ⊂ ⊕mΓ(O(m),Pn) = k[x0, . . . , xn]. Is Ĩ = I?1. [Discussed till
here as of Spetember 4, 2020]

1.7. Some more examples.

Example 1.9. An example of a non-Noetherian scheme is SpecR[x1, x2, . . .].

Example 1.10. V+(x2 + y2 + z2) over R and C. V+(x2 + y2 + z2) denotes the homogeneous
prime ideals which contain the ideal (x2 + y2 + z2). Let k = R or C. Consider, P2

k =
Projk[x, y, z]. By the above discuss on closed subschemes of Pn, V+(x2 + y2 + z2) can be
thought of as the closed subscheme X = Projk[x, y, z]/(x2 + y2 + z2) ⊂ P2

k. This gives a
curve in P2

k.
Over C, one have the following linear change of coordinates,

(x, y, z) 7→ (x+ iy, x− iy, iz).
Denote u := x + iy and v := x − iy. Then, (x + iy)(x − iy) − (iz)2 = x2 + y2 + (iz)2.
So, V+(x2 + y2 + z2) is the same as subscheme defined by V+(uv − z2). The latter is the
(2-fold-)Veronese embedding of P1 in P2 given by [x : y] 7→ [x2 : xy : y2]2. In terms of rings,

k[x, y, z]→ k[x, y]

(x, y, z) 7→ (x2, y2, xy)

The image of this map is the subring k[x2, y2, xy] ⊂ k[x, y] generated by degree 2 elements.
Thus, X ' P1

k over C.
On the other hand, over R the equation x2 +y2 +z2 has no real solutions. Since, P1

R clearly
has lots of real solutions, X is not isomorphic to P1 over R.

1I suspect that this I is the same as the one constructed earlier by homogenising the generators of the
affine opens, since the gluing maps on O(m) are just mulplication by the m-th power of some xi.

2Similarly, the d-fold Veronese embedding is given by [x : y] 7→ [xd : xd−1y : . . . : xyd−1 : yd].
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Remark 1.11 (Forms). Note that V+(x2 + y2 + z2) ⊂ P2
R has the following interesting

property: V+(x2 + y2 + z2)×R SpecC ' P1
C, but V+(x2 + y2 + z2) itself not isomorphic to P1

R.
In algebra, this is the notion of a “form”: these are objects that become the given object after
a field extension. For example, algebraic tori become isomorphic to Gn

m after field extension.
In geometry (especially differential geometry), this notion is called local triviality1.

Things which become projective space after field extension - like V+(x2 + y2 + z2) - are
called Brauer-Severi varieties.

Example 1.12. Blow-up of A2 at the origin. This is described as

Y := {((x, y), [X : Y ]) ⊂ A2 × P1 | xY = yX}

This comes with a projection map p : Y → A2. Observe that outside the origin this is an
isomorphism, i.e, p−1(A1 \ 0) = A1 \ 0, and p−1(0) = P1. Blow-up can be defined canon-
ically using the Proj construction. If I is an ideal of SpecA, then Blow-up along V (I) is
Proj(⊕n≥0I

n). Observe that ⊕n≥0I
n can be thought of as a graded ring over I0 := A. One

can sheafify this construction to define blow-ups in arbitrary schemes2.

Example 1.13. An example of a scheme without a closed point. This one is a bit involved
but idea is as follows. There is a valuation on the fraction field of the polynomial ring in
infinitely many variable, such that every non-maximal prime ideal is contained in a non-
maximal prime ideal3. Then, knocking off the maximal ideal gives a scheme without any
closed point. This scheme is not quasi-compact. The construction is as follows:

(1) Let I be a totally ordered set, and k a field. Let K = k(Ti)i∈I be the fraction field

with variables indexed over I. Let Γ = Z(I) be the direct sum of copies Z indexed
over I. This is an abelian group which is totally ordered (the order is given by the
lexicographic order). Denote by {ei}i∈I the canonical basis of Γ. Then there exists a
unique valuation (upto isomorphism) ν : K∗ → Γ such that ν(Ti) = ei and ν(k∗) = 0.
Denote by Oν , the associated valuation ring.

(2) Let p(i) := {a ∈ K | ν(a) ≥ ei}, for i ∈ I. Then the radical of p(i) is a prime ideal of
the valuation ring Oν .

(3) This gives a set map I → SpecOν , which is injective and increasing. The order on
SpecOν is determined by inclusion of prime ideals.

(4) Let θ : Z(I) \ 0→ I be the map defined by θ({ni}i) = the smallest i such that ni 6= 0.
(5) If p ∈ SpecOν , and θ(ν(p)) is bounded from above by an index i, then for every j ≥ i,

we have p ⊂ p(j). Moreover, if θ(ν(p)) is unbounded then p = mν is the maximal
ideal.

(6) Then SpecOν \mν is the required example.

Note: Looking at the above example, it may seem like this argument should work for the
spectrum of any local ring O. However, any quasi-compact scheme has a closed point. This
already rules any Notherian examples.

1The word “local” needs to be interpreted correctly. We will do this in section 3.
2You will have to make sense of the Proj of a sheaf of graded algebras first! Do this by gluing the affine

local patches.
3This example is due to Florian Pop. See Liu’s book [Liu02, §3.3, Exercise 3.27].
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2. Morphisms

As mentioned before, many of the properties of morphisms that we are interested in are
“globalised” versions of properties of ring maps. However, we have to first say what it means
for morphism of schemes to be a local property. There are three kinds of local properties:
local on the source, local on the target, local on the source and target. We will say what this
means now:

Definition 2.1. Let P be a property of morphisms of schemes. Let f : X → Y be a
morphism which satisfies P. Then,

(1) We say that P is affine-local on the target if given any affine open cover {Vi} of Y ,
f : X → Y has P if and only if the restriction f : f−1(Vi)→ Vi has P for each i.

(2) We say that P is affine-local on the source if given any affine open cover {Ui} of X,
X → Y has P if and only if the composite Ui → Y has P for each i.

(3) We say that P is stable under base-change if given any other morphism Z → Y , the
projection to Z from the fibre product, fZ : X ×Y Z → Z also has P.

Using affine communication lemma one can then show that it suffices to check statements
(1) and (2) on single affine open cover.

An important maxim of Grothendieck is that instead of considering schemes in isolation,
we should look at things relative to each other, i.e, everything should be seen as a propery
of morphisms. Then properties of schemes should really be thought of as properties of
morphisms X → SpecZ (or whatever base you are working over. For a lot of people it is
the spectrum of a field). This is mostly true: many property of schemes can be turned into
properties of morphisms of schemes1.

2.1. To be (or not to be) Noetherian.

The discussion in 1.2 also applies to properties of morphisms, i.e., a morphism is said to be
P if it is locally P and quasi-compact: a morphism is finite-type if it is locally finite type
and quasi-compact; quasi-finite if it is locally quasi-finite and quasi-compact.

However, this is not true of finite presentation. A morphism is of finite presentation if it
is locally of finite presentation, quasi-compact and quasi-separarted. This is because. really,
finite presentation is a condition to correct for non-Noetherian-ness over arbitrary bases. Note
that for Noetherian schemes, a morphism (locally) of finite type is automatically (locally) of
finite presentation. Furthermore, quasi-separatedness is automatic for Noetherian scheme.
There is a very nice discussion on mathoverflow on this that I encourage you to look up2.

Example 2.2. Consider the map f : k[x] → k[x] given by x 7→ x2. Note that x satisfies
the polynomial t2 − x2 in k[x2][t], thought of as a polynomial ring in the variable t. Thus,
this map is an integral extension of ring. Furthermore, we have a morphism of k[x]-algebras,
k[x, y]→ k[x] given by (x, y) 7→ (x2, x), whose kernel is generated by the ideal (x− y2). This
shows that it is a morphism of finite presentation, and hence is finite.

Example 2.3. Continuing with the above morphism x 7→ x2. We will show that for k = C
it is unramified everywhere except at the origin.

1For example, affine opens form a basis for the topology on a scheme. Can this statment be “relativised”
to affine morphisms X → Y ? I don’t know the answer.

2https://mathoverflow.net/questions/36737/why-does-finitely-presented-imply-quasi-separated

https://mathoverflow.net/questions/36737/why-does-finitely-presented-imply-quasi-separated
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At origin: Localising at the ideal (x), we get,

f : C[x](x) → C[x](x)

x 7→ x2.

As x generates the maximal ideal in C[x](x). On the other hand, the image x2 generate the

square of the maximal ideal, since (x)2 = (x2)1. This implies that f is ramified at the origin.
At other points: Let (x− p) be a point. Localising at x− p and its inverse image, we get,

f : C[x](x−p2) → C[x](x−p)

x− p2 7→ x2 − p2.

Since x+ p is invertible in C[x](x−p), we see that f(x− p2) generates the maximal ideal.

The above is a prototypical example of many kinds of morphisms.

Example 2.4. Consider the inclusion U := Spec k[x1, x2, . . .]\{(x1, x2, . . .)} ↪→ Spec k[x1, x2, . . .].
This map is an open immersion which is not quasi-compact.

Example 2.5. Consider the nodal curve over A1 given by Projk[t][X,Y, Z]/(XY − tZ2)→
Spec k[t]. Affine locally, this has the form,

k[t]→ k[t][X,Y ]/(XY − t).

Differentiating with respect to X and Y , we get the Jacobian [Y X]. This can be zero only
when t = 0. Geometrically, this is a family of hyperbolas which degenerate to a pair of lines
when t = 0. Note that the restriction of this curve to D(Y ) and D(X), are smooth (it given
by the equations X − tZ2 and Y − tZ2 which are families of parabolas degenerating to the
axes). Seen from the opposite view-point, this tells us that homogenisation of smooth curves
is not necessarily smooth!

Remark 2.6 (Le sorite for open immersions). Open embeddings are locally of finite presen-
tation2. Moreover we have the following implications:

Open embedding ⇒ étale ⇒ flat and locally of finite presentaion ⇒ flat.

Example 2.7 (Separatedness is not a local property). Not all properties can be described
locally. For example, take the line with the double origin. Then on each of the two A1’s is
separated, but the whole scheme is not.

Note, however, that separatedness is stable under base-change. A similar statement is true
about properness.

2.2. Morphisms to Pn.
Let X be a scheme. Then a morphism X → Pn is the same as a line bundle L on X and
n+ 1 sections s0, . . . , sn ∈ Γ(L, X) which globally generate L3. Note that given a morphism
f : X → Pn, the pullback f∗O(1) and the global sections f∗xi is such a datum.

Given such line bundle L with n+ 1 sections which globally generate it, we will construct
a morphism to Pn. Consider the open set Xi (why is this open?) of X given by,

Xi := {p ∈ X | si /∈ mpLp}.

1This is true, more generally, in any discrete valuation ring.
2This is not true in perfectoid geometry, which is quite sad.
3This means that the global sections correspond to a surjection of sheaves O⊕n+1

X � L
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This gives us n sections s0/si, . . . , sn/si on Xi. Thus, we get a map fi : Xi → An correspond-
ing to these sections. We can identify this An with D(xi). It is now suffices to check that
fi’s agree on the intersections. This follows because sj/si is invertible on Xi ∩Xj .

3. Sites, Sheaves, and Representable functors

In this section, we will collect all the “sheafy jargon”1 As I have mentioned before, modern
Moduli theory is set in this language. Hence, it is a good idea to review some key points. More
details can be found in Vistoli’s notes on Descent (Chapter 1 of FGA Explained, [FGI+05])
or the Stacks project [Sta18].

3.1. A Commutative Algebra Detour.

We begin with the following lemma which we will use at the end of this section to prove
Theorem 3.17.

Lemma 3.1 (Amitsur’s Lemma). Let f : A → B be a faithfully flat ring map. Then the
following sequence of A-modules is exact:

(1) 0→ A
f→ B

e1−e2→ B ⊗A B.
Here, e1and e2 are the inclusions b⊗ 1 and 1⊗ b, respectively.

Proof. Note that since f is faithfully flat, it is injective (why?), and that (e1 − e2) ◦ f = 0.
So, we only need to check that Ker(e1 − e2) ⊆ Im(f).

Let us first consider the special case when f : A → B is a retract, i.e, there exists a
g : B → A such that g ◦ f = idA. Now, take a b ∈ Ker(e1 − e2), so that b ⊗ 1 = 1 ⊗ b ∈
B ⊗A B. The retraction g gives us a map B ⊗A B

g⊗id→ A ⊗A B ' B. Applying this to the
previous equality gives, g(b) ⊗ 1 = 1 ⊗ b, which is the same as g(b) · 1 = b. Now, note that
f(g(b) · 1) = g(b) · f(1) = b, since f is an also A-module homomorphism, showing exactness.

Now, observe that tensoring (1) with ⊗AB gives a sequence,

0 −→ A⊗A B
f⊗id−→ B ⊗A B

(e1−e2)⊗id−→ B ⊗A B ⊗A B.
The map f ⊗ id is also a faithfully flat ring map. Moreover, it has a retraction2 g : B⊗AB →
A⊗AB given by b⊗ b′ 7→ 1⊗ bb′. Thus, this sequence is exact. Now, faithful flatness implies
the exactness of (1). �

Remark 3.2. Observe that the above lemma holds for any faithfully flat A-module M , i.e,
the sequence of A-modules,

0 −→M
id⊗f−→ M ⊗A B

id⊗(e1−e2)−→ M ⊗A B ⊗A B,
is exact. You may ask what is happening at the map id ⊗ (e1 − e2). To answer this, note
that we can extend this above sequence to higher tensor powers,

0 −→M
id⊗f−→ M ⊗A B

id⊗(e1−e2)−→ M ⊗A B ⊗A B →M ⊗A B ⊗A B ⊗B → . . . .

The map
M ⊗A B ⊗A B →M ⊗A B ⊗A B ⊗B

1This may or may not be used in the sequel.
2All these statements about retractions are just a dual way for saying that the map SpecB → SpecA has

a section.
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can be described on pure tensors as the alternating sum,

m⊗ b⊗ b′ 7→ m⊗ b⊗ b′ ⊗ 1−m⊗ b⊗ 1⊗ b+m⊗ 1⊗ b⊗ b′.

The higher tensor powers are described similarly as alternating sums1. Then, this extended
chain complex is exact. Essentially, this characterises effective descent for fpqc morphisms
(see [Sta18, Tag 023F] for more on this).

We will now discuss some “sheafy jargon”.

Definition 3.3. Let C be a category. A family of morphisms with fixed target in C is given
by an object U ∈ Ob(C), a set I and for each i ∈ I a morphism Ui → U of C with target U .
We use the notation {Ui → U}i∈I to indicate this.

Our categories will almost always admit fiber products.

Definition 3.4. A site2 is given by a category C and a set Cov(C) of families of morphisms
with fixed target {Ui → U}i∈I , called coverings of C, satisfying the following axioms

(1) If V → U is an isomorphism then {V → U} ∈ Cov(C).
(2) If {Ui → U}i∈I ∈ Cov(C) and for each i we have {Vij → Ui}j∈Ji ∈ Cov(C), then
{Vij → U}i∈I,j∈Ji ∈ Cov(C).

(3) If {Ui → U}i∈I ∈ Cov(C) and V → U is a morphism of C then Ui ×U V exists for all
i and {Ui ×U V → V }i∈I ∈ Cov(C).

A category satisfying the above definition is said to be equipped with a Grothendieck
topology. Thus, a site is a category with a Grothendieck topology.

3.2. Various Topologies on Affine Schemes.

Let Ringop or Aff denote the category of affine schemes. Let I be a finite set. We can define
the following Grothendieck topologies3 on it:

Zariski: Coverings are families of ring maps {R fi→ Rri}i∈I , where Rri is the localisation with
respect to ri ∈ R such that ({ri}i∈I) = R.

Étale: Covering are families of étale ring maps {R fi→ Ri}i∈I such that the product
∏
i fi is

faithfully flat.

fppf : Coverings are families of ring maps {R fi→ Ri}i∈I which are flat, finite presentation and
such that the product

∏
i fi is faithfully flat. (fppf: fidèlement plat et de présentation

fini)

fpqc: Coverings are families of morphisms {R fi→ Ri}i∈I such that each fi is faithfully flat.
(fpqc: fidèlement plat et quasi-compacte)

Note that all the rings maps in the topologies above are used to define local properties of
morphisms of schemes which are also stable under base change. Hence, we can extend these
toplogies to schemes.

1This is can be stated more cleanly in terms of (co)simplicial objects. All we doing is taking the chain
complex associated to the cosimplicial diagram of M .

2This notation differs from that of SGA4. This is what they call a category with a pretopology.
3This list is by no means exhaustive. Some notable exculsions are the Nisnevich and smooth topologies.
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3.3. Various Topologies on Schemes.

Let (Sch) be the category of schemes. We will now “globalise” the topologies defined for
affine schemes to schemes. Note, however, the important change that needs to be made to
get the correct notion of fpqc coverings:

Zariski: Coverings are families of open immersions {Ui
fi→ U}i∈I such that U =

⋃
i f(Ui).

Étale: Covering are families of étale morphisms {Ui
fi→ U}i∈I such that U =

⋃
i f(Ui).

fppf: Coverings are families of morphisms {Ui
fi→ U}i∈I such that each fi is flat, locally of

finite presentation and U =
⋃
i f(Ui).

fpqc: Coverings are families of morphisms {Ui
fi→ U}i∈I such that each fi is flat and for

every affine open V ⊂ U there exist quasi-compact opens Vi ⊂ Ui which are almost
all empty, such that V =

⋃
fi(Vi).

Remark 3.5. We have the follow inclusion of topologies:

Zariski ⊂ Étale ⊂ fppf ⊂ fpqc.

The first three inclusions are direct implications of the definitions. For the last one, take an

fppf covering {Ui
fi→ U}i∈I . Then by definition, since each fi is locally of finite presentation,

for any affine open V ⊂ U , the inverse image in each Ui can be written as f−1
i (V ) = ∪aUia

where each Uia is affine and fi : Uia → V is flat and of finite presentation. Since, the fi’s are
jointly surjective, the union

⋃
i,a fi(Uia) = V . Note that this is a covering of V by open sets

since each fi is an open map. As V is quasi-compact, this admits a finite refinement. This

shows that {Ui
fi→ U}i∈I is an fpqc covering.

In light of the above remark, note that if we simply define fpqc coverings to be morphisms
of schemes which are faithfully flat and quasi-compact, then Zariski covers would no longer
be fpqc coverings.

Let S be a scheme. Let (Sch/S) be the category of schemes over S. Ob(Sch/S) are given
by morphisms X → S and morphisms are S-morphisms, i.e, commuting diagrams,

X Y

S

Similarly, we will denote by (Aff /S), the category of affine morphisms to S.

The next two definitions capture some general notions about sites that good to know but
not really essential.
Notation: For the next definition we will adopt the following terminology: Let P be a
property of morphisms of schemes which is stable under composition and base change, and

includes isomorphisms. A family of P-morphisms is collection of morphisms {Ui
fi→ U}i∈I

such that each fi ∈ P and is jointly surjective, i.e, U =
⋃
fi(Ui). Since P is stable under

composition and base change and includes isomorphisms, it is easy to see that these famililes
will define a topology on Sch, which we will denote by τ .

Definition 3.6 (Big site, Small site). Let (Sch/S) be the category of schemes over S and
let τ be a topology on schemes which comes from families of P-morphisms. We have the
following conventions for topologies on (Sch/S):

Big site: For the topology τ , we denote the site by (Sch/S)τ and call it the Big τ site.
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Small site: Consider the full subcategory of (Sch/S) whose objects are f : X → S such that
f ∈ P. We define coverings for this subcategory as families of P-morphisms which
are jointly surjective. We denote this site by Sτ and call it the Small τ site.

For example, we have the big and small Zariski sites, the big and small étale sites etc.1

The following is another notion which we will probably never use in this seminar2.

Definition 3.7 (P-Q site). Let P and Q be classes of morphisms that are stable under base
change and composition, and contain isomorphisms. Then, the P-Q site of S is defined as
follows: the objects are S-schemes, f : X → S such that f ∈ P and coverings are families of

Q-morphisms {Ui
fi→ U}i∈I over S which are jointly surjective.

Notable examples are the smooth-étale3 and the flat-fppf sites.

3.4. Presheaves and the Yoneda Embedding.

Definition 3.8. Let C be a category. A presheaf of sets or simply a presheaf is a functor

F : Copp → Sets.

We denote the cateogory of all presheaves by Psh(C).

Example 3.9 (Functor of points). For any U ∈ Ob(C) there is a functor

hU : Copp −→ Sets
X 7−→ MorC(X,U)

which takes an object X to the set MorC(X,U). In other words hU is a presheaf. Given a
morphism f : X → Y the corresponding map hU (f) : MorC(Y,U) → MorC(X,U) takes φ to
φ ◦ f . It is called the representable presheaf associated to U . If C is the category of schemes
this functor is sometimes referred to as the functor of points of U .

Note that given a morphism φ : U → V in C we get a corresponding natural transformation
of functors h(φ) : hU → hV defined by composing with the morphism U → V . This turns
composition of morphisms in C into composition of transformations of functors. In other
words we get a functor

h : C −→ PSh(C).
The following lemma says that h is a fully faithful embedding.

Lemma 3.10 (Yoneda lemma). Let U, V ∈ Ob(C). Given any morphism of functors s :
hU → hV there is a unique morphism φ : U → V such that h(φ) = s. In other words the
functor h is fully faithful. More generally, given any contravariant functor F and any object
U of C we have a natural bijection

MorPSh(C)(hU , F ) −→ F (U), s 7−→ sU (idU ).

Definition 3.11. A presheaf F : Copp → Sets is said to be representable if it is isomorphic
to the functor of points hU for some object U of C.

Seen one way, the basic objective in moduli theory is to show representability of various
presheaves. We will often confuse a scheme X with its associated functor hX .

1People generally talk about small sites only in the Zariski and étale topologies (and the Nisnevich topology
if you are doing A1-homotopy theory)

2Unless we start discussing algebraic stacks at some point!
3Also called the lisse-étale site. Lisse is french for smooth.
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Example 3.12 (Three representable functors). We will now describe three important func-
tors which are representable1.

(1) X 7→ Γ(X,OX)⊕n. This is same as giving a ring map Z[x1, . . . , xn] → Γ(X,OX)⊕n.
But such a ring map corresponds a morphism to AnZ.

(2) X 7→ Γ(X,OX)×. A similar argument as above tells us that these are morphisms to
A1
Z \ {0} := SpecZ[t, t−1].

(3) X 7→ {(L, s) | L is a line bundle on X with a surjection p : On+1
X � L}. We have

already seen in 2.2 that this is Hom(−,Pn).

Example 3.13 (A non-representable functor). I have taken this example from [Bog]. Let k
be an algebraically closed field. Consider the functor F which assigns to any k-scheme S a
conic in P2

S upto isomorphism. That is,

F : (Sch/k)opp → Sets

S 7→

Z P2
S

S

φ

π


/
∼

where φ is a closed embedding, and π is flat and its geometric fibres are conics, i.e, for any
geometric point SpecL→ S2 the base change ZL is a conic in P2

L. We will show that this F
is not representable.

For if it were representable, then there would exist a scheme X such that F ' hX . More-
over, for any k-scheme S, any element of F (S) would then correspond to a morphism of
schemes S → X (why?). Now, upto isomorphism there are only two conics in P2

k: the pair
of lines P , and the smooth conic Q. This means that X has only two k points which we will
also denote by {p, q}, respectively.

Consider the family Z over A1
t described in Example 2.5 (here the subscript t is just to

keep track of the variable used to define A1). This is a family of conics given by the equation
XY − tW 2 in P2

A1
t
. Its geometric fibres are given by,

Zt =

{
P, t = 0

Q, t 6= 0

We have a map f : A1
t → X which pulls back the universal family3 to Z, i.e, the base change

of the universal family to A1
t is Z. Now, observe that for the closed point q ∈ X, f−1(q) is

all non-zero t in A1
t (which is not a closed set!). Hence, such a map cannot be continuous. In

particular, no such map exists. But clearly, Z ∈ F (A1
t ). Hence, F is not representable.

3.5. The Sheaf Condition.

Let C be a site, and {Ui
fi→ U}i∈I be an element of Cov(C). We have the fibre products for

all i, j

Ui ×U Uj Uj

Ui U

pr1

pr0 fj

fi

1Convince yourself that all these assignments define presheaves of sets.
2and L is (separably) algebraically closed.
3The universal family is the element in F (X) corresponding to the identity morphism id : X → X.
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Let F be a presheaf on C. For the above covering we have a diagram,

(2) F(U)
∏
i∈I F(Ui)

∏
i,j∈I F(Ui ×U Uj)

pr∗0

pr∗1

Definition 3.14. Let C be a site, and let F be a presheaf of sets on C. We say F is a sheaf
if for every covering {Ui → U}i∈I ∈ Cov(C), the diagram (2) represents the first arrow as the
equalizer of pr∗0 and pr∗1.

Loosely speaking this means that given sections si ∈ F(Ui) such that

si|Ui×UUj = sj |Ui×UUj

in F(Ui×U Uj) for all i, j ∈ I then there exists a unique s ∈ F(U) such that si = s|Ui
1. Note

that the above definition implies that F(∅) = {∗} is a singleton.

Example 3.15. Any scheme X is sheaf on the big Zariski site (Sch/S)Zar (why?).

Definition 3.16. The category Sh(C) of sheaves of sets is the full subcategory of the category
PSh(C) whose objects are the sheaves of sets.

If the inclusion ι : Sh(C) ↪→ Psh(C) admits a left adjoint, we call it the sheafification
functor. It may not exist even if fairy concrete situations. For example, it does not exist in
the fpqc topology (see [Wat75, Theorem 5.5]). However, we have the following theorem due
to Grothendieck.

Theorem 3.17 (Grothendieck). Every representable functor satisfies the sheaf property in
the fpqc topology.

We always want representable objects to be sheaves, as the sheaf property expresses the
correct categorical notion of “gluing” things. And representable functors being sheaves means
that morphisms glue. Moreover, the statements in Definition 2.1 can now be generalised to
covering families of the various topologies on schemes.

Definition 3.18. Let C be a category. We say that a topology τ on C is subcanonical if every
representable functor is a sheaf with respect to τ . The canonical topology is the finest on C
such that every representable functor is a sheaf.

Example 3.19 (A non-subcanonical site). Consider the topology on (Sch) with coverings
given by {Ui → U}i∈I which are jointly surjective families of flat morphisms. This “wild”
flat topology is not subcanonical.

Take a smooth integral curve U over an algebraically closed field k2. Let K be its quotient
field. For every closed point p ∈ U(k), consider the spectrum of its local ring Vp := SpecOU,p.
Then {Vp → U}p∈U(k) is a covering in this wild flat topology.

Note that each of these local rings are discrete valuation rings with generic point SpecK
and closed point p3. Thus, Vp ×U Vq = Vp if p = q, and SpecK otherwise.

We can now construct a scheme X by gluing all the Vp’s along SpecK4. The functor
Hom(−, X) is not a sheaf in the wild flat topology. In fact, we will show that it does not
satisfy the sheaf condition for the covering {Vp → U}p∈U(k). For this, consider the diagram

1It is instructive to write out all the details in diagram (2) when the covering family has 3 elements.
2For example, take P1.
3Well, the maximal ideal in OU,p corresponding to p.
4Note that this is just the construction in Example 1.7 iterated over all p ∈ U(k)
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∏
p∈U(k) hX(Vp)

∏
p,q∈U(k) hX(Vp ×U Vq)

pr∗0

pr∗1

By construction of X, we have inclusions ip : Vp ↪→ X for each p ∈ U(k). This gives us
an element {ip}p∈U(k) of

∏
p∈U(k) hX(Vp) whose images in along pr0 and pr1 agree (why?).

However, there is no morphism U → X. This is because all subsets of X formed by closed
points are closed, but only finite set are closed in U .

To prove Theorem 3.17, we will use the following lemma.

Lemma 3.20. Let F be a presheaf on the category of schemes with values in sets. Then F
satisfies the sheaf property for the fpqc topology if and only if it satisfies

(1) the sheaf property for every Zariski covering, and
(2) the sheaf property for {V → U} with V , U affine and V → U faithfully flat.

Proof. Note that since every Zariki cover is an fpqc cover, the only if direction is obvious. So
we only need to show the (⇒) direction.

First observe that it is sufficient to prove this for fpqc covers {V → U} consisting of a
single morphism (given an fpqc cover {Ui → U}i∈I , set V := qiUi).

The rest of the proof involves “resolving” F (U) in two different ways. First using the sheaf
property for Zariski covers and second using the sheaf property the faithfully flat maps of
affine. To do this, we will cover U and V by compatible affine opens.

Take an fpqc cover {f : V → U}. By definition, we have an open covering V = ∪iVi such
that each Vi is quasi-compact and f(Vi) := Ui is open and affine in U . Write Vi as a union
of finitely many open affines Via. Then we have the following diagram1

F (U) F (V )
∏
i,j F (V ×U V )

∏
i F (Ui)

∏
i

∏
a F (Via)

∏
i

∏
a,b F (Via ×U Vib)

∏
i,jI F (Ui ∩ Uj)

∏
i

∏
a,b F (Via ∩ Vib)

Since F is a Zariski sheaf, the columns are equalizers. Further, note that since {qaVia → Ui}
is a faithfully flat ring map the diagram

F (Ui)
∏
a F (Via)

∏
a,b F (Via ×U Vib)

is an equalizer. As equalizers commute with products, the second row is also an equalizer.
Hemce, F (U)→ F (V ) is injective, and so the bottom row is also injective. Now, a diagram
chase show that the top row is an equalizer. �

Proof of Theorem 3.17. We only have to check condition (2) of Lemma 3.20. Further, we can
write X = ∪iXi as a union of affines. So, we are reduced to the case of affine schemes. But,
for affine this follows easily from Lemma 3.1. �

1or a “resolution” of F (U) in two different way.
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3.6. A Criteria for Representability.

Theorem 3.17 implies that for a functor F to be representable by a scheme, it must satisfy the
sheaf property in the fpqc topology. Also, note that (Sch) is a full subcategory of Psh(Aff )1,
a natural question is to identify when a functor F lies in Sch. We will do this now.

Let F,G be two functors on a category C with values in Sets. Note that by Lemma 3.10,
an element ξ ∈ G(U) is the same as a morphism of functors ξ : hU → G.

Definition 3.21. Let C be a category. Let F,G : Copp → Sets be functors. We say a
morphism a : F → G is representable, or that F is relatively representable over G, if for every
U ∈ Ob(C) and any ξ ∈ G(U) the functor hU ×G F is representable2.

Remark 3.22 (Important reality check). Any morphism hU → hV between representable
functors is representable.

We have the following lemma about representable morphisms.

Lemma 3.23. Let C be a category. Let F : Copp → Sets be a functor. Assume C has products
of pairs of objects and fibre products. The following are equivalent:

(1) the diagonal ∆ : F → F × F is representable,
(2) for every U in C, and any ξ ∈ F (U) the map ξ : hU → F is representable,
(3) for every pair U, V in C and any ξ ∈ F (U), ξ′ ∈ F (V ) the fibre product hU ×ξ,F,ξ′ hV

is representable.

This is a straightforward exercise in definitions. The thing to keep in mind is the “magic
diagram”3 (see [Sta18, Tag 0024] for hints).

Representable morphisms of functors is a useful notion because any property of morphisms
of schemes can be extended to representable morphisms.

Definition 3.24. Let P be a property of morphisms of schemes that is stable under base
change. Let a : F → G be a representable morphism of functors. We say that a has
the property P, if for every scheme U and every ξ ∈ G(U) the morphism of schemes aU :
hU ×G F → hU has P.

Henceforth, we will confuse U with its functor of points hU .

Example 3.25 (A morphism representable by affine schemes). Let G be a finite group. Let
X be a scheme with a free and faithful action G. Define the functor XG which classifies
principal G-bundles with an equivariant map to X, as follows

XG : (Aff )opp → Sets

V 7→


P X

V

φ

p


/
∼

where p : P → V is a principal G-bundle and φ is a G-equivariant map. We will denote this
entire data by the map p, and say that p ∈ XG(V ). Note that if the quotient X/G exists (as
a scheme), then the XG is precisely represented by X/G4.

1This is straightforward to prove using the sheaf condition for the Zariski topology.
2Fibre products exist for functors to Sets because fibre products of sets exists.
3as Ravi Vakil calls it.
4X/G may not be a scheme (see Remark 3.31).
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If H is a subgroup of G, we also have an action of H of X. This gives us a functor XH

which is defined similarly. There is a natural map α : XH → XG which send any principal
H-bundle q : Q → V to the principal G-bundle Q ×H G → V . The map α is affine1. For
any affine V , quotients by finite groups exist as affine scheme2. We will show that the base
change XH ×XG

V is representable by (P ×H G)/G, where P is the G-bundle associated to
the map p : V → XG.

Let us observe what the data of a T -point of XH ×XG
V is. It is the data of a pair: an

H-bundle Q and a G-bundle P ′ := P ×V X on T (with H and G-equivariant maps to X,
respectively), such that the α(Q) = P ′. Heuristically speaking, we need to construct a space
which becomes a principal bundle in two different ways.

The key idea is to observe that for a principal G-bundle p ∈ XG(V ), the product P × G
admits both an H-action and a G-action which commute with each other. The G-action is
given by multiplication on the right (p, g, g′)

νG7→ (p, gg′). While the H-action is given by the

map (p, g, h)
νH7→ (ph, h−1g). We write the quotient (P ×G)/H as P ×H G.

Now, we have diagram

P ×G P

(P ×H G)

pr1

p

Here, pr1 is the projection onto P . Note that pr1 is H-equivariant, and p is a G-equivariant
map. Thus, we get the following cartesian square,

P ×G P

P ×H G P/H

pr1

p

which shows that (P×HG)/G ' P/H. In the above square, the horizontal maps are principal
G-bundle, whereas the vertical maps are principal H-bundle.

We also have a G-equivariant map φ : P → X. This gives us a G-equivariant map
P ×H G → X given by (ph, h−1g) 7→ φ(ph). This shows that p : P ×H G → P/H gives an
element of XG. Similarly, q : P → P/H gives an element of XH .

Now, note that giving a map T → (P ×H G)/G ' P/H is the same as giving a G-bundle
pT : T ×P/H P ×H G→ T , and an H-bundle qT : T ×P/H P → T 3. Now observe that α(qT )
is the G-bundle T ×P/H P ×H G → T which is pT . It is straightforward to check that this
gives the appropriate equivariant maps to X.

The above observation about (G,H)-bundles is canonical and applies to schemes in general.
This is very useful when dealing with problems about reduction of structure group. So, we
restate it as a lemma.

Lemma 3.26. Let P → V be a principal G-bundle. Let H ⊂ G a subgroup of G. Then,
(P ×H G)/G ' P/H. Further if H is normal, then the canonical map P/H → P/G is a
G/H-bundle.

Proof. Follows from the above discussion. �

1if H is normal, it is, in fact, a G/H-torsor.
2Take SpecRG, the G-invariant subring of R.
3Just base-change p and q, respectively.
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Example 3.27 (A representable diagonal). Let FSch/k be the category of finite type schemes
over an algebraically closed field k. Let F be the functor on FSch/k defined in Example 3.13.
The diagonal of this functor ∆ : F → F ×k F is representable by k-schemes! I will add a
proof soon. These is essentially because we have flat families. Moduli problems dealing with
non-flat families are almost impossible to work with.

By Lemma 3.23, it is sufficient to prove that for any U, V and any morphisms ξ : U → F ,
ξ′ : V → F , The fibre product U ×ξ,F,ξ′ V is representable. By definition, ξ and ξ′ are closed
subschemes Z ⊂ P2

U and Z ′ ⊂ P2
V which are flat over U and V , respectively. Base-changing

Z and Z ′ along the projection maps U ×k V → U and U ×k V → V , we have two closed
subschemes Z ×k V and Z ′ ×k U of P2

U×kV
which are flat over U ×k V . Then, then following

lemma implies that U ×ξ,F,ξ′ V is representable by a closed subscheme of U ×k V .

Lemma 3.28. Let f : X → S be a flat projective morphism of Noetherian schemes. Let
D and E be two closed subschemes of X with E flat over S. Then there exists a closed
subscheme S′ of S such that for any morphism T → S, the fibre product T ×S E ⊆ T ×S X
is contained in T ×S X if and only if the morphism T → S factors through S′.

Since Z and Z ′ are both flat families, we get the required result1. Ultimately, the above
lemma is a statement about coherent sheaves on X. We will surely discuss a proof at some
point in our seminar. You can also find a proof in [ACV03, Lemma B.6.2].

Definition 3.29. Let F be a functor on the category of affine schemes Aff . We say that F
is a separated scheme if the following conditions are satisfied:

(1) F is a sheaf on (Aff )Zar.
(2) The diagonal ∆ : F → F × F is a representable closed immersion.
(3) There exist affine schemes {Ui}i∈I and morphisms ξi : Ui → F which are repre-

sentable open immersions, such that the map from the disjoint union qiUi → F is an
epimorphism of sheaves in the Zariski topology.

We can tweak Definition 3.21 to the following: We will say a : F → G is representable
by separated schemes if the fibre product hU ×G F is a separated scheme in the sense of
Definition 3.29.

Definition 3.30. Let F be a functor on the category of affine schemes Aff . We say that F
is a scheme if the following conditions are satisfied:

(1) F is a sheaf on (Aff )Zar.
(2) The diagonal ∆ : F → F × F is a representable by separated schemes.
(3) There exist affine schemes {Ui}i∈I and morphisms ξi : Ui → F which are repre-

sentable open immersions, such that the map from the disjoint union qiUi → F is an
epimorphisms of sheaves in the Zariski topology.

Be sure to check this gives this agrees with the usual description of a scheme. (Hint: since
the Ui ×F Uj ’s are schemes, you can glue the Ui along these fibre products to construct a
scheme X and then show that it is isomorphic to the functor F .)

Remark 3.31. It is not possible to directly define the category of schemes without defining
separated schemes first. The reason is that for a scheme the intersection of affine opens
need not be an affine. This kind of functorial description was first thought of by Artin (and

1proving such a statement for non-flat families is quite hard, and is not true, in general.
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Grothendieck) to define quotients by étale equivalence relations1 that do not exist as schemes.
These are what are called algebraic spaces (replace Zariski with étale in Definition 3.29 above
and you will have defined an (separated) algebraic space). You will find mentions of such a
construction for schemes in any source discussing algebraic spaces. However, the first place
where I found a complete construction as above was in Martin Olsson’s book (see [Ols16])2.

4. Hilbert Polynomials

In this section we will discuss theory of Hilbert polynomials of subschemes (and, more gen-
erally coherent sheaves) of Pn. An important fact about Hilbert polynomials is that they
are (locally) constant in flat families. This has some important consequences for the Hilbert
scheme.

4.1. Integer-valued polynomials and polynomial-like functions.

This discussion has been taken from Serre’s local algebra. For an integer k, we denote by
Qk(X) the binomial polynomials:

Qk(X) =

(
X
k

)
=
X(X − 1) . . . (X − k + 1)

k!

We set Q0(X) = 1. These form a basis of Q[X].
If ∆ denotes the difference operator ∆f(n) = f(n+ 1)− f(n), observe that for k > 0:

∆Qk(n) =
(n+ 1)n . . . (n− k + 2)

k!
− n(n− 1) . . . (n− k + 1)

k!

=
n(n− 1) . . . (n− k + 2)

k!
[(n+ 1)− (n− k + 1)]

=
n(n− 1) . . . (n− k + 2)

(k − 1)!

= Qk−1(n)

Lemma 4.1. Let f be an element of Q[X]. The following are equivalent:

(1) f is a Z-linear combination of the binomial polynomials Qk.
(2) f(n) ∈ Z for all n ∈ Z.
(3) f(n) ∈ Z for all n ∈ Z large enough.
(4) ∆f has property (1), and f(n) ∈ Z for some integer n.

Proof. The implication (1)⇒ (2)⇒ (3) is obvious. For (1)⇒ (4), given an f which satisfies
(1), we compute

∆f(n) = f(n+ 1)− f(n)

=
∑
k

ekQk(n+ 1)−
∑
k

ekQk(n)

1For example, a Z/2-action on a proper threefold. The details will show up in detail at some point in our
seminar.

2Definition 3.30 is the same as the one given in [Ols16]. But, one could also use schemes with affine diagonal
instead of separated scheme for this construction.
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Rearranging the terms, we see that

∆f(n) =
∑
k

ek∆Qk(n) =
∑
k

ekQk−1(n)

Hence, ∆f satisfies property (1).
To prove (4)⇒ (1), write ∆f =

∑
k ekQk, with ek ∈ Z. Then, by the above computation,

f =
∑

k ekQk+1 + e0 with e0 ∈ Q. But as f take at least one integer value e0 must be an
integer. Hence, (1) ⇔ (4). To prove (3) ⇒ (1), we use induction on the degree of f . If f is
a constant, then this is certainly true. If f has degree n, then note that the degree of ∆f
is strictly less than n. So, by the induction hypothesis, ∆f satisfies property (1). Moreover,
f(n) ∈ Z for large enough n. Thus, (3)⇒ (4)⇔ (1). �

A polynomial f satisfying the equivalent conditions of the above lemma is called an integer-
valued polynomial. Any such f can be written as

∑
ekQk. We shall often write the coefficient

of Qk as ek(f). A simple computation shows that ek(f) = ek−1(∆f). If deg(f) ≤ k, then
∆kf is the constant polynomial ek(f).

We will now relate integer-valued polynomomials to certain special kind of integer valued
functions. A function f : Z≥n0 → Z is said to be polynomial-like if there exists a polynomial
Pf (X) such that f(n) = Pf (n) for n � 01. Pf is uniquely detemined by f . This is because
if there exists another polynomial Qf such that f(n) = Qf (n) for m � 0, then Pf − Qf is
zero for all n large enough. But the degree of Pf − Qf is bounded. Hence, it is the zero
polynomial. Note that this means Pf is integer-valued.

Lemma 4.2. The following are equivalent:

(1) f is polynomial-like;
(2) ∆f is polynomial-like;
(3) there exists r ≥ 0 such that ∆rf(n) = 0 for n� 0.

Proof. (1)⇒ (2)⇒ (3) are straight-forward.
For (2) ⇒ (1), let P∆f be the polynomial associated to ∆f . Let R be an integer valued

polynomial with ∆R = P∆F . Then, the function g : n 7→ f(n) − R(n) satisfies ∆g(n) = 0,
for n� 0. Hence, g is constant for n� 0, so that f(n) = R(n) + e0 for n� 0. This shows
that f is polynomial-like.

Applying (2)⇒ (1) r-times gives (3)⇒ (1). �

4.2. The Hilbert function.

Let k be a field and F a coherent sheaf on Pnk . By similar arguments as in 1.6, we can show
that F corresponds to a graded module M• over the graded ring S := k[X0, X1, . . . , Xr]. We
will the hilbert function for F in terms of the associated graded module.

Let M• be a graded module over S. We define the Hilbert function χ(M,n) of M by the
assignment χ(M,n) : n 7→ dimk(Mn)2.

Theorem 4.3. χ(M,n) is a polynomial-like function of n, of degree ≤ r.

Proof. We use induction on r. If r = −13, M is a finitely generated module over k. Hence,
Mn = 0 for n � 0. Assume now that r ≥ 0, and that the theorem has been proved for

1This notation means for n sufficiently large.
2If k was a Noetherian ring, then we can define the Hilbert function using length of Mn over k
3This is an oddity because of our choice of indexing.
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r − 1. Let φ be the endomorphism of M defined by Xr, i.e, m
φ7→ Xrm. This is a graded

endomosphism of degree 1. We thus have a short exact sequence,

0→ Nn →Mn →Mn+1 → Rn+1 → 0

Hence:

∆χ(M,n) = χ(M,n+ 1)− χ(M,n) = χ(R,n+ 1)− χ(N,n).

Since XrR = 0 = XrN , R and N can be viewed as graded modules over k[X0, X1, . . . , Xr−1].
Therefore, by the induction hypothesis, χ(R,n) and χ(N,n) are polynomial-like functions of
degree ≤ r − 2 and, so ∆χ(M,n) has the same property. Thus, by Lemma 4.2, χ(M,n) is
polynomial-like of degree ≤ r − 1. �

We call the polynomial associated to χ(M,n) as the Hilbert polynomial of M . For a closed
subscheme X ⊆ Pnk , the Hilbert polynomial hX of X is defined to be the Hilbert polynomial
of the graded module Γ(X) := S/I, where I is the graded ideal of X. We will now compute
the Hilbert function in some concrete examples.

Example 4.4. (1) (d points) Let V = (p1, p2, . . . , pd) be d points in Pnk . For m ≥ d− 1,
we can write a map

φ : k[X0, X1, . . . , Xn]m → kd

F 7→ (F (p1), F (p2), . . . , F (pd))

Note that this map is surjective. Moreover, φ(F ) = 0 if and only if F ∈ I(V ). This
tells us that the Hilbert polynomial of d points is hV (m) = d.

(2) (d-fold Veronese) For P1
k, the Veronese embedding is the map ν : P1

k → Pdk given by

[X : Y ] 7→ [Xd : Xd−1Y : . . . : XY d−1 : Y d]. The coordinate ring of the image can be
identified with the subring R := ⊕m≥0k[X0, X1]dm ⊂ k[X0, X1]. Then,

χ(R,m) =

(
dm+ 1

1

)
= dm+ 1

Similarly, for Pnk , the d-fold Veronese embedding ν : Pnk → PNk is given by the subring
R := ⊕m≥0k[X0, X1, . . . , Xn]dm ⊂ k[X0, X1, . . . , Xn]. And we see that the Hilbert
function can be computed as,

χ(R,m) =

(
dm+ n

n

)
Thus, the Hilbert polynomial of X := ν(Pnk) has the form

hX =
dn

n!
mn + . . . .

(3) (degree d curve in P2
k) Let X ⊂ P2

k be a curve given by the irreducible homogeneous
polynomial F of degree d. For m ≥ d, the m-th graded piece I(X)m of the ideal of
X is given by elements of the form F · (Γ(X))m−d. Thus, we compute, for m ≥ d,

χ(Γ(X),m) =

(
m+ 2

2

)
−
(
m− d+ 2

2

)
Thus, we see that for m ≥ d the hilbert polynomial hX is

hX(m) = d ·m− d(d− 3)

2
.
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One can extend this reasoning to any degree d hypersurface in Pnk . Thus, for m ≥ d,
we have

χ(Γ(X),m) =

(
m+ n
n

)
−
(
m− d+ n

n

)
Expanding the terms tell us that for m ≥ d, hX has the form,

hX =
d

(n− 1)!
mn−1 + . . . .

(4) (Segre embedding) Let σm,n : Pmk × Pnk → Pmn+m+n
k be the Segre embedding given

by ((xi), (yj)) 7→ (xiyj). Let zij denote the coordinates of Pmn+m+n
k . Then σm,n is

a closed subscheme of Pmn+m+n
k defined by the equations zijzkl − zilzkj . If we write

the coordinate zij as a matrix with i rows and j columns then the equations defining
σm,n are the 2 × 2 minors the matrix (zij). Let S(σm,n) denote the coordinate ring
of σm,n. For every d-th graded piece, there is an obvious map of modules,

S(Pmk )d ⊗ S(Pnk)d → S(σm,n)d

f ⊗ g 7→ fg.

It is easy to see that this map is an isomorphism.
Hence, the Hilbert polynomial of σm,n can be computed as,

hσm,n(d) = dimk(S(Pmk )d ⊗ S(Pnk)d)

=

(
d+m
m

)
·
(
d+ n
n

)
=

1

m!n!
dm+n + . . .

Definition 4.5. Let X ⊂ Pnk be a projective scheme fof dimension r, and hX be its Hilbert
polynomial. We define the degree of X to be r! times the leading coefficient of hX . We define
the arithmetic genus as the constant term hX(0) of the Hilbert polynomial.

From Example 4.4(3), we can see that the degree of a hypersurface in Pnk is precisely the
degree of the irreducible homogeneous polynomial which defines it. The degree of Segre
embedding σm,n is (m+n

m ). Also, note that the degree is always non-negative.

Example 4.6. Let E an elliptic curves over C. In Weierstrass form, any elliptic curve can
written as E : Y 2Z−X3+AXZ2+BZ3 ⊂ P2

C. Further, any two elliptic curves are isomorphic

if and only if they have the same j-invariant, j = 1728 (4A)3

∆ , where ∆ = −16(4A3 + 27B2).
Moreover, E is smooth if ∆ 6= 0.
Choose another smooth elliptic curve E′ such that j(E′) 6= j(E). Both E and E′ are degree
3 curves in P2

C, so have the same Hilbert polynomial hE = hE′ = 3m, but are not isomorphic

as their j-invariants are different1.

However, we do have the following:

Lemma 4.7. Let X ↪→ Y ↪→ Pnk be a sequence of closed immersions. Then hX = hY if and
only if X = Y .

1This example was pointed out to me by Suraj Yadav.
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Proof. If X = Y then clearly they have the same Hilbert polynomial. Consider the forward
direction. We have a short exact sequence of sheaves,

0→ IX/Y → OY → OX → 0

By taking pushforward to Pnk , we can assume that this is an exact sequence of graded modules
over k[X0, . . . , Xn]. Let IX/Y be the graded module associated to IX/Y . Since hX = hY , the
Hilbert polynomial of IX/Y , χ(IX/Y ,m) = 0. This means that the graded module IX/Y is
zero in all large enough degrees. This implies that IX/Y = 0. �

We want to prove the following theorem about Hilbert polynomials:

Theorem 4.8. Let X → Y be a projective morphism to a locally Noetherian scheme Y . If
F is a coherent sheaf on X which is flat over Y , then the Hilbert polynomial χ(FXy , d) is
locally constant for y ∈ Y .

The rest of the section is dedicated to establishing this fact.

4.3. Coherent sheaves on Projective space.

Lemma 4.9 (Serre Vanishing). Let A be a Noetherian ring1. Let F be a coherent sheaf on
a projective A-scheme X. Then, for m� 0, H i(X,F(m)) = 0 for all i > 0.

Proof. Choose an embedding i : X ↪→ PnA. By taking the pushforward i∗F , we may assume
that X = PnA. In this situation, F admits a surjection from a direct sum of line bundles
O(m)⊕j � F . Let R denote the kernel. This gives us a short exact sequence of coherent
sheaves.

0→ R→ O(m)⊕j → F → 0

Note that the statement holds for line bundles OPn
A

(m). Now, taking the associated long

exact sequence in cohomology, and apply descending induction (see Vakil’s notes or [Har77,
III, 5.2] for more details). �

Remark 4.10. You can also define the Hilbert polynomial as the Euler characteristic. In
fact, our notation is suggestive of this. For any coherent sheaf F , define

hF (m) =
∑
i

(−1)idimkH
i(X,F(m)).

Checking that this is indeed a polynomial takes a bit of work. But note that this definition
also works for a finite type scheme with given a line bundle.
Moreover, Lemma 4.9 tells us that for m� 0, this agrees with our definition.

We also have the following relative version of Serre Vanishing:

Lemma 4.11. [Sta18, Tag 02O1] Let f : X → S be a projective morphism of schemes with
S Noetherian. Let F be a coherent OX -module. Then there exists an m� 0 such that

Rpf∗ (F ⊗OX
O(m)) = 0

for all p > 0.

1The Noetherian assumption is not necessary. But then, we have to assume that X is defined by a finite
type ideal sheaf, and that F is finitely presented.
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Proof. Since higher direct images are quasi-coherent sheaves, it is sufficient to show that for
m� 0, Rpf∗ (F ⊗OX

O(m)) is zero when restricted to an open cover.
Choose a finite affine open covering S =

⋃
Vj and set Xj = f−1(Vj). Thus, we are reduced

to the case of S affine.
Consider the Leray spectral sequence (see [Sta18, Tag 01F2]). For a quasi-coherent sheaf

F , it has the E2-page,
Ep,q2 = Hp(S,Rqf∗F)⇒ Hp+q(X,F).

Since S is affine, Hp(S,Rqf∗F) = 0 for all p > 0. Hence, the spectral sequence degenerates at
E2, implying that H0(S,Rqf∗F) = Hq(X,F). Thus, vanishing of Rpf∗(F(m)) is equivalent
to the vanishing of Hp(X,F(m)). This is true by Lemma 4.9.

This gives us an mj for each Vj such that Hp(Xj ,F(mj)) = 0 for all p > 0. Since the mj ’s
are finitely many1, we can find an m� 0 which works for all Vj ’s. �

4.4. Flat base change.

In order to prove Theorem 4.8, we need some result about cohomology and base change.

Lemma 4.12. Let

X ′ X

S′ S

g′

f ′ f

g

be a commutative diagram of schemes2. Let F be an OX -modules. Assume both g and g′

are flat. Then there exists a canonical base change map

g∗Rif∗F −→ Rif ′∗(g
′)∗F

Proof. Choose injective resolutions F → I•, and (g′)∗F → J •. Since (g′)∗ is flat, it is also
exact. This implies that the pushforward (g′)∗ preserves injectives3. Thus, (g′)∗(g

′)∗F →
(g′)∗J • is an injective resolution of (g′)∗(g

′)∗F . By adjunction we have a map, α : F →
(g′)∗(g

′)∗F . And since (g′)∗J • and I• are injective resolutions, we have a lift β of α,

F I•

(g′)∗(g
′)∗F (g′)∗J •
α β

such that β is unique upto homotopy. Pushing down to S, we get

f∗β : f∗I• −→ f∗(g
′)∗J • = g∗(f

′)∗J •

By adjunction we get a map g∗f∗I• → (f ′)∗J •. Since J • computes the cohomology of
(g′)∗F , passing to cohomology gives us the required map. �

Lemma 4.13 (Flat base change). [Sta18, Tag 02KH] Consider a cartesian diagram of schemes

X ′ X

S′ S

f ′

g′

f

g

1This last step needs quasi-compactness of S!
2Note that we do not need the diagram to be cartesian.
3Use adjunction formula with the fact that (g′)∗ preserves injections.
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Let F be a quasi-coherent OX -module with pullback F ′ = (g′)∗F . Assume that g is flat and
that f is quasi-compact and quasi-separated. For any i ≥ 0

(1) the base change map of Lemma 4.12

g∗Rif∗F −→ Rif ′∗F ′,

is an isomorphism
(2) if S = Spec (A) and S′ = Spec (B), then H i(X,F)⊗A B = H i(X ′,F ′).

Proof. Observe that being an isomorphism of sheaves is a local question, so (2)⇒ (1). Thus,
it suffices to prove statement (2).

Note that the higher direct images of F along f are quasi-coherent OS-modules since

Rif∗F = ˜Γ(S,Rif∗F) = ˜H i(X,F).

Similarly, Rif ′∗F ′ = ˜H i(X ′,F ′).
Moreover, g∗ corresponds to −⊗AB. Let A→ B be a flat ring homomorphism. Let X be

a qcqs scheme over A and F be a quasi-coherent OX -module. Set XB := X ×A SpecB and
FB := g′∗(F) be the pullback of F to XB.
Case 1: X is separated.
Let U := {Ui}i be an affine open cover of X. Then, we have

Ȟp(U ,F) = Hp(X,F).

By base changing the cover U to B, we get

Ȟp(UB,FB) = Hp(XB,F),

and that

Č•(UB,FB) = Č•(U ,F)⊗A B.
As, A→ B is flat, this is true after passing to cohomology as well.
Case 2: X is quasi-separated.
Once again, take an affine open cover, U := {Ui}i. We can approximate this case from the case
of X separated using a spectral sequence argument. For this we use the Čech-to-cohomology
spectral sequence (see [Sta18, Tag 01ES]). This spectral sequence has E2-page,

Ep,q2 = Ȟp(U , Hq(F))⇒ Hp+q(X,F)

We have a similar spectral sequence for XB,

Ep,q2 = Ȟp(UB, Hq(FB))⇒ Hp+q(XB,FB).

Since Ui0,...,ip are quasi-compact and separated, from the previous case, we have

Ȟp(UB, Hq(FB)) = Ȟp(U , Hq(F))⊗A B.

Since, A→ B is flat, the right hand side is the Čech-to-cohomology spectral sequence tensored
with B, and so, converges to Hp+q(X,F)⊗A B. Since these two spectral sequences agree on
the E2-page, they also agree in the limit. Thus for all p, q,

Hp+q(XB,FB) ' Hp+q(X,F)⊗A B,

as required. �
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Remark 4.14. As point out in [Sta18, Tag 02KH], if you wish to avoid using spectral se-
quences in Case 2, you can alternatively use Mayer-Vietoris sequence and argue as follows:
Let X = U1 ∪U2 ∪ . . .∪Ut be an affine cover of X. Since X is quasi-compact, t is finite. We
will use induction minimal t required to cover X. If t = 1, then X is affine, and we have the
result by Case 1.
If t > 1, we may write X = U ∪ V , where U = U1 ∪ U2 ∪ . . . ∪ Ut−1, and V is affine. Denote
a = f |U : U → S, b = f |V : V → S, and c = f |U∩V : U ∩ V → S. Observe that U can be
covered by at least t− 1 affines, and V , U ∪ V are separated.
Then, (relative) Mayer-Vietoris [Sta18, Tag 01EC] gives us a long exact sequence of coho-
mology sheaves,

0→ f∗F → a∗(F|U )⊕ b∗(F|V )→ c∗(F|U∩V )→ R1f∗F → . . .

From the base change map, we have a morphism of long exact sequences,

0 g∗f∗F g∗a∗(F|U )⊕ g∗b∗(F|V ) g∗c∗(F|U∩V ) g∗R1f∗F . . .

0 g′∗f
′∗F g′∗a

′∗(F|U )⊕ g′∗b′∗(F|V ) g′∗c
′∗(F|U∩V ) g∗R

1f ′∗F . . .

' '

By induction, the base change map is an isomorphism for U , V and U ∪V . A diagram chase
now tells us that this is also true for X1.

4.5. Hilbert polynomial in flat families.

The following lemma is a special case of Theorem 4.8. In fact, we will prove Theorem 4.8 by
reducing to Lemma 4.15. The argument follows [Har77, III, 9.8].

Lemma 4.15. Let S = SpecA be a Noetherian local ring. Let F be a coherent sheaf on
X = PnS . Consider the following statements:

(1) F is flat over S;
(2) H0(X,F(m)) is a free A-module of finite rank, for all m� 0;
(3) for any t ∈ S, the Hilbert polynomial χ(Ft,m) of Ft on Xt is independent of t.

Then we have the implications, (1) ⇔ (2) ⇒ (3). Morover, if S is domain then they are all
equivalent.

Proof. (1) ⇒ (2). We can use Čech cohomology to compute the cohomology of F(m). For
the standard affine open cover U of X, we have

H i(X,F(m)) = hi(C•(U ,F(m))).

Since F is flat over S, each term Ci(U ,F(m)) of the Čech complex is a flat A-module. On
the other hand, by Lemma 4.9, for m� 0, H i(X,F(m)) = 0 for all i > 0. Thus, we have an
exact sequence

0→ H0(X,F(m))→ C0(U ,F(m))→ C1(U ,F(m))→ . . .→ Cn(U ,F(m))→ 0,

which gives a resolution of the A-module H0(X,F(m)). We can now split this sequence into
short exact sequences. Since, each Ci is a flat A-module, we conclude that so is H0(X,F(m)).

1The isomorphism of the left-most vertical arrow follows easily. You can use five lemma for the higher
direct images.
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But, since it also finitely generated, we see that it also has finite rank.
(2) ⇒ (1). Let S = A[x0, x1, . . . , xn]. Consider the graded S-module

M =
⊕
m≥m0

H0(X,F(m))

where m0 � 0 so that H0(X,F(m)) is finite free for all m ≥ m0. Then, F = M̃ . Since, M
is a free A-module, we see that F is flat over A.
(2)⇒ (3). Since H0(X,F(m)) is a free module of finite rank for m� 0, it is enough to show
that

χ(Ft,m) = rankA H
0(X,F(m)),

for m� 0. For this, we will show that for any t ∈ S and m� 0,

H0(Xt,Ft(m)) = H0(X,F(m))⊗A k(t)

Let p be the prime ideal in A corresponding to the point t, and let S′ = SpecAp. Base change
along the flat morphism S′ → S. Then, by Lemma 4.13, we can reduce to the situation when
t is a closed point of S. Denote the fibre over t by X0 and F0, and let k the residue field.
Take a presentation of k over A,

Aq → A→ k → 0.

Then we get an exact sequence of sheaves on X,

Fq → F → F0 → 0.

Then for m� 0 we have an exact sequence,

H0(X,F(m)q)→ H0(X,F(m))→ H0(X0,F0(m))→ 0

On the other hand, we can tensor the first sequence with H0(X,F(m)). Comparing the two
gives us an isomorphism,

H0(X0,F0(m)) = H0(X,F(m))⊗A k(t)

for all m� 0.
(3) ⇒ (2). This follows from the following general observation: let M be a module over
a local Noetherian domain such that dim(M ⊗ A/m) = dim(M ⊗ K) = r, here K is the
field of fractions. Then, by Nakayama, we have a surjection Ar → M . Let R be the kernel.
Tensoring by K, we have that R ⊗K = 0. But since R is torsion free, R = 0. Thus, M is
free. �

We now finish the proof of Theorem 4.8. In fact, the theorem follows effortlessly since all
the heavy-lifting has already been done.

Proof of Theorem 4.8. Since X → Y is projective, choose an embedding i : X ↪→ PnY . By
taking the pushforward i∗F , we may assume that X = PnY . To check that Hilbert polynomial
is locally constant, we can assume that Y = SpecOy,Y . Then we are reduced to the situation
of Lemma 4.15. �

Remark 4.16. Let X be projective over a field k, and F a coherent sheaf on X with Hilbert
polynomial χ(F ,m). For a field extension k ⊂ K, let FK be the pullback of F to XK . Then
for any coherent sheaf G, H i(X,G)⊗k K = H i(XK ,GK), by Lemma 4.13. Thus, for m� 0,
we have χ(FK ,m) = χ(F ,m).
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5. Various of Moduli Problems

In this section, we will discuss terminology and some basic examples of moduli problems.
Moduli theory aims to study and parametrise geoemtric objects in families. The ideal situ-
ation is when we can make a scheme out of these objects. However, as we have seen before
(in Example 3.13) this is not always true1.

5.1. Fine and coarse moduli.

Definition 5.1 (Moduli problem). A moduli problem is any functor F : Sch → Sets. When
F is representable we say that the moduli problem admits a fine moduli space.

When a fine moduli space M exists, then the identity map idM corresponds to an element
ξ ∈ F (M). We say that ξ is the universal family over M .

Example 5.2 (Moduli of elliptic curves). Consider the functor on Sch/C defined as,

F : Sch/C→ Sets

S 7→

{
E Sp

σ

: p has smooth genus 1 fibres, and σ is a section

}
Observe that F (C) is precisely elliptic curves over C. Moreover, geometric fibres of such a
family over S are just smooth elliptic curves over C. Note that we will consider such families
only upto equivalence: E/S and E′/S are equivalent if they are isomorphic over S.
Any elliptic curve over C can be classified by its j-invariant. So, the C-points of F are
in bijection with the closed points of A1

C, F (C) = A1
C(C). If F is representable by A1

C,
then there is a universal family ξ over the affine line whose pullback describes every elliptic
curve. However, consider the elliptic curve E := y2 = x3 + t defined over SpecC[t, t−1].
Every curve in this family has j-invariant 0. This family corresponds to the constant map,
SpecC[t, t−1]→ A1

C sending t 7→ 0. Then, E is the pullback of the universal family restricted
to the point 0 ∈ A1

C, i.e, ξ0 ×A1
C

SpecC[t, t−1] ' E. This implies that there exists a u ∈ C
such that u6 = t, which cannot exist.

For a fine moduli space to exist, the given functor must at least a sheaf in the fpqc topology,
by Theorem 3.17. While the above example does not admit a fine moduli space, its closed
points are in bijection with the closed points of A1

C. It is often possible to find a scheme which
satisfies this property, when a fine moduli space does not exist. This gives us the following
weaker notion:

Definition 5.3. Let F : Sch → Sets be a moduli problem. We say F admits a coarse moduli
space, if there exists a scheme M and a morphism φ : F →M such that:

(1) φ is initial among maps from F to schemes, i.e, any other map F → M ′ factors

uniquely as F
φ→M →M ′.

(2) φ(k) : F (k)→M(k) is a bijection for all algebraically closed fields k.

In the above example, A1
C is a coarse moduli space. While a fine moduli space classifies

objects uniquely by pulling back the universal family, the coarse moduli space only classifies
the closed points. We impose the universality condition (1) to limit the possible choices of
the coarse moduli space.

1When this is not true, you can still study families using deformation techniques.
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The main obstruction for the existence of fine moduli space for elliptic curves is that the
object have non-trivial automorphisms. For the same reason, the moduli of genus g curves
is not representable.

5.2. Hilbert and Quot functors.

We will now define the Hilbert and Quot functors for projective schemes.

Definition 5.4 (Hilbert functor). Let X be projective over a Noetherian base S. The Hilbert
functor of X is defined as,

HilbX/S(T ) = {Z ⊆ X ×S T |Z is a closed subscheme flat over T }

Definition 5.5 (Quot functor). Let X be projective over a Noetherian base S. Fix a coherent
sheaf E on X. The Quot functor of E is defined as follows

QuotE/X/S(T ) =

{
(F , q)

∣∣∣∣ 1.F is a coherent sheaf on X ×S T which is flat over T ,

2. q : ET � F is an OX×ST -linear surjection

}/
∼

Here, ET is the pullback of E to X ×S T along the projection map. Two objects (F , q) and
(F ′, q′) are equivalent if ker(q) = ker(q′) ⊂ ET .

Observe that if E = OX then QuotOX/X/S = HilbX/S . One can define Quot functors (and
therefore, the Hilbert functor) more generally, for any finite type scheme over a Noetherian
base S1, with the adding the assumption that F has proper support over T . Note that this
is automatic when X is projective.

Fix a polynomial φ(t) ∈ Q[t], and let (F , q) be a T -point of QuotE/X/S with Hilbert
polynomial φ(t). For any morphism Z → T , let FZ be the pullback to X ×S Z of F .
By Theorem 4.8, the Hilbert polynomial of FZ can be determined by checking along the
fibres. Let z ∈ Z be a point with image t ∈ T . This gives an extension of fields k(t) ⊂ k(z).
Remark 4.16 tells us that the Hilbert polynomial of FZ is also φ(t). This gives us a subfunctor

Quot
φ(t)
E/X/S of QuotE/X/S parametrising coherent sheaves with Hilbert polynomial φ(t). Thus,

the Quot functor can be stratified into disjoint subfunctor by Hilbert polynomials2,

QuotE/X/S =
∐

φ(t)∈Q[t]

Quot
φ(t)
E/X/S

Strictly speaking, Hilbert polynomials are integer-valued. So, arbitrary polynomials in Q[t]
just correspond to empty strata.

The aim of this seminar is to prove the following theorem about Quot functors:

Theorem 5.6 (Grothendieck). Let π : X → S be a projective morphism with S Noetherian.

Then for any coherent sheaf E on X and any polynomial φ ∈ Q[t], the functor Quot
φ(t)
E/X/S is

representable by a projective S-scheme.

In a sense, this is a sharp result. The Quot functor fails to be representable even if X
is assumed to be proper over C. We can construct a proper threefold over C whose Hilbert
functor is not representable3.

1You don’t need Noetherian either. But let’s not put the cart before the horse.
2Similarly, for the Hilbert functor when E = OX .
3However, it is representable by an algebraic space.
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5.3. Some more moduli functors.

We will now describe some more moduli problems. All of these are related to the Hilbert
functor in some way or the other.

Example 5.7. Consider the Quot functor Quot1⊕n+1OZ/Z/Z. A T -point of this functor is given

by a pair (F , q), where F is a locally free sheaf on T and q : ⊕n+1OZ → F is a surjection.
Also, the condition that Hilbert polynomial is 1 enforces that F is a line bundle. This implies
that Quot1⊕n+1OZ/Z/Z ' PnZ.

We will see later that the functor Quotd⊕rOZ/Z/Z is represented by the Grassmanian of d planes

in r-dimensions.

Example 5.8 (Moduli of hypersurfaces). Consider PnA over a Noetherian ring A. We will

show that the moduli of degree d hypersurfaces in PnA is given by PmA , where m =
(
n+d
d

)
− 1.

As we have seen in Example 4.4(3), the Hilbert polynomial of a degree d hypersurface in PnA
has the form f(t) = d

(n−1)! t
n−1 + lower degree terms. Consider the Hilbert functor with the

given Hilbert polynomial f(t), which assigns any A-scheme T the set

F (T ) = {Z ⊂ PnT |Z is flat over T with Hilbert polynomial f(t)}
This definition makes sense since we only have to check the Hilbert polynomial in fibres for

flat families. Note that F = Hilb
f(t)
Pn
A

.

To see that F ' PmA , given any family Z ⊂ PnT over T . We will construct a morphism
T → PmA . Since morphisms can be glued, we will reduce to case where T = SpecB is affine.
Now, any such family over an affine T , is defined by an ideal IZ ⊆ B[X0, . . . , Xn]. Moreover,
this ideal is locally principal. Thus, we can further assume that IZ = (f) is generated by
a single element of degree d. Then, f is a sum of the m + 1 monomials of degree d, i.e,
f = a0X

d
0 + . . . + amX

d
n. Note that the coefficients a0, . . . , am generate the unit ideal in B.

Otherwise, there is an closed set V (a0, . . . , am) over which Z vanishes. But, by flatness, the
projection Z → T is surjective. This gives us a morphism (a0 . . . , am) : T → PmA , as required.
In the general case, given a family Z over a scheme T , locally on T it is given by a single
equation. This gives us morphisms from an open cover of T to PmA . Gluing these morphisms
we get the required map, T → PmA .
The identity map idPm

A
corresponds to the universal family. In this case it can be described

explicitly as Z := V+(A0X
d
0 + . . .+AmX

d
n) ⊂ PnA×APmA . Here, Ai’s are the variables defining

PmA while the Xi’s define PnA. What we have, in fact, shown is that any family over an A-
scheme T is the pullback of the universal family Z1. This is the reasoning for the adjective
“universal”.

Example 5.9 (Moduli of lines in the plane). Let k be a field. By the above description,
lines in P2

k are classified by P2
k. In fact, the universal family is described by the equation

A0X + A1Y + A2Z. Let A2
k ⊂ P2

k be the complement of the line Z = 0. Any other line
lies in A2

k and intersects Z = 0 at a single point. The line Z = 0 corresponds to the point

z := [0 : 0 : 1] in the moduli of lines. Thus, lines in A2
k are precisely described by P2

k \ {z}
2.

Example 5.10 (Moduli of finite locally free covers). Let X/S be a finite type scheme. We
define the moduli of finite locally free covers F as,

F (T ) = {Z ⊆ X ×S T |Z is a closed subscheme finite and flat over T }

1How will you extend this example to a general base S?
2In topology, RP2 with a point removed is a Möbius strip.
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Notice the similarity with the definition of the Hilbert functor. In fact, F is a subfunctor of
the Hilbert functor parametrised by constant Hilbert polynomials,

F =
∐
n

HilbnX/S .

Hence, it is also called the Hilbert functor of points.

In the next example, we relate quotients by finite group actions to the Hilbert functor of
points.

Example 5.11. Let G be a finite group of order n acting freely on a scheme X. Consider
the functor XG : Sch → Sets as defined in Example 3.25. The forgetful functor defines a
morphism,

φ : XG → HilbnX
given by forgetting the G-equivariant map to X. One can show that φ is representable by
closed immersion. That is, XG behave likes a “closed subscheme” of the Hilbert functor of n
points.

To see this, take a finite flat family Z ⊂ T × X p→ T over T . The scheme T × X has a

G-action induced from the G-action on X. Then for every g ∈ G, g(Z) ⊂ T × U p→ T is also
a flat family over T . We are looking the condition that Z = g(Z), for all g ∈ G. This is a
closed condition on T , i.e, there exists a closed subscheme T ′ ↪→ T on which Z = σ(Z) over
T ′.
To see this, consider the complement U := Z \ (

⋂
g∈G

g(Z)). By flatness, p(U) is open in T and

we have p−1(p(U)) = U . Otherwise, there is a point t ∈ p(U) for which the fibre contains a
point z ∈

⋂
g∈G

g(Z). However, the g(z)’s also lies in
⋂
g∈G

g(Z) and p(g(z)) = t for all g ∈ G.

As, p has degree n, these are all the points in the fibre, none of which lie in U . Hence, the
complement T ′ := T \ p(U) is the closed set such that ZT ′ = g(Z)T ′ , for all g ∈ G. This
shows that the following is a cartesian diagram,

T ′ T

XG HilbnX
φ

Thus, φ is representable by closed immersions.

Remark 5.12. We can construct a proper threefold X over C with a Z/2-action such that
XZ/2 is not a scheme. Hence, the Hilbert functor of X is not representable by the above
example.

Example 5.13 (Schemes of morphisms). Let X,Y be projective over S. Also, assume that
X is flat over a Noetherian S. We define the functor of morphisms from X to Y by,

MorS(X,Y )(T ) = {f | f : XT → YT is a morphism over T}
To any morphism f : X → Y , we can associate its graph ΓF ⊂ X × Y . Morever, a subset
Z ⊂ X × Y defines the graph of a function if and only the projection map Z → X is an
isomorphism. This implies that the graph Γf is flat over S and we have a morphism

MorS(X,Y )→ HilbX×Y/S

given by sending any morphism to its graph.
Being an isomorphism is an open condition on the base. That is, given a family Z ⊂ XT×T YT
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over T , there is an open subset T ′ ⊂ T such that the projection ZT ′ → XT ′ is an isomorphism.
Further, for any base change U → T , if the projection ZU → XU is an isomorphism, then
the map U → T factors through T ′. Thus, MorS(X,Y ) defines an open subfunctor of the
Hilbert functor of X ×S Y .
Theorem 5.6 now implies that MorS(X,Y ) is representable by a quasi-projective scheme over
S.

The next example is natural continuation of the above example.

Example 5.14 (Schemes of automorphisms). In a similar vein as above, consider the functor
parametrising automorphisms of X:

AutS(X)(T ) = {f | f : XT → XT is an automorphism over T}

Clearly, we have an inclusion AutS(X) ↪→ MorS(X,X) ⊂ HilbX×SX/S . Furthermore, a
morphism is an isomorphims if and only if both the projections from its the graph Γf are
isomorphisms. Thus, for any family Z ∈ HilbX×SX/S(T ), there is an open set T ′′ ⊂ T ′ (having
a universal property analogous to T ′) such that both the projections from ZT ′′ to XT ′′ are
isomorphisms.
Hence, AutS(X) defines an open subfunctor of MorS(X,X) and so is representable by a
quasi-projective S-scheme in the light of Theorem 5.6.

6. Grassmannians

In this section, we will describe the construction of Grassmannians. The proof of Theorem 5.6
proceeds by embedding the Quot functors inside appropriate Grassmannians so we will give a
detailed description of Grassmannians. We will describe the Grassmannian schemes by gluing
together the various affine patches. This should be thought of as a generalisation of Example
1.8, and is analogous to the construction of the Grassmannian as a smooth manifold1.

Let us describe the affine patches for the Grassmannian.
For any matrix d × r M and any subset J ⊂ {1, 2, . . . , r} of size d, we denote by MJ the

d × d-minor of M whose columns are indexed by J . In what follows we will only deal with
size d subsets of {1, 2, . . . , r}2.

Let I ⊂ {1, 2, . . . , r} be a subset of size d. Let XI denote d × r matrices such that the
I-the minor XI

I is the identity matrix. Let Z[XI ] denote the polynomial ring whose variable
xIp,q are given by the entries of XI . Let U I := SpecZ[XI ]. Note that since XI

I is identity,

xIp,q = 0 or 1, if q ∈ I. Thus, Z[XI ] is a polynomial ring over d(r − d) variables, and

U I ' Ad(r−d)
Z .

Let P IJ := det(XI
J) be the determinant of the the J-th minor ofXI . Let U IJ := SpecZ[XI , 1/P IJ ]

denote the affine open where this determinant is invertible. We will glue the U I ’s along these
open sets.

1Really all we are doing is “jazzing up” the smooth manifold construction to scheme theory language.
2Alternatively, we are only interested in the d× d-minors of d× r matrices.
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For any I and J , we have a ring homomorphism, θIJ : Z[XJ , 1/P JI ] → Z[XI , 1/P IJ ] given
by θIJ(XJ) = (XI

J)−1XI . In particular,

θIJ(P JI ) = θIJ(det(XJ
I ))

= det θIJ(XJ
I )

= det (((XI
J)−1XI)I)

= det ((XI
J)−1) = 1/P IJ .

Note that these define an isomorphism of rings and that θII is identity on U I . We can verify
that they also satisfy the cocycle condition1:

θIJ ◦ θJK(XK) = θIJ((XJ
K)−1XJ)

=
(
(XI

J)−1(XI
K)
)−1

(XI
J)−1XK

= (XI
K)−1XK

= θIK(XK).

Gluing these together gives us a scheme G(r, d) over Z. We call this the Grassmannian of
d-planes in r-space.

Universal quotient. We will now construct a rank d locally free sheaf on G(r, d) which
is a universal quotient2 of rank d. On each U I , we define surjective homomorphisms uI :
⊕rOUI → ⊕dOUI by the matrix XI . On the intersections U IJ , we have

⊕dOUI
J

⊕rOUI
J

⊕dOUI
J

uI

uJ

We will glue the trivial bundle ⊕dOUI
J

on U IJ such that it is compatible with the projections

uI . Let (gIJ) be the d× d invertible matrix,

gIJ = (XI
J)−1 ∈ GLd(U IJ ).

Then, it is easy to see that gIJ ◦ uI = uJ giving us a surjection of vector bundles u :
⊕rOG(r,d) → U on G(r, d).

Plücker embedding. The deteminantal line bundle of U , det(U) is given by the transition
functions det(gIJ) = 1/P IJ . Moreover, for each I we have a global section

σI ∈ Γ(G(r, d), det(U)),

defined by σI |UJ = P JI ∈ Γ(UJ ,OUJ ). This gives us ( rd ) sections of det(U) which are base
point free (why?). Thus, we have an embedding σ : G(r, d)→ PmZ , where m = ( rd )− 1.

More geometric description for this over a field (?).

Example 6.1 (Grassmannian as Quot). We will now show that G(r, d) is isomorphic to the

Quot functor Quotd⊕rOZ/Z/Z. First observe that the universal quotient u : ⊕rOG(r,d) → U
defines a morphism G(r, d) → Quotd⊕rOZ/Z/Z. We will construct a map in the opposite

direction.
Any T point of Quotd⊕rOZ/Z/Z is a pair (F , q) where F is a locally free sheaf of rank d on

1If d = 1, then the θIJ ’s are precisely the φij ’s defined in Example 1.8.
2This nomenclature is justified by Example 6.1.
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T and q : ⊕rOT → F is a surjection of vector bundles. Given such a pair (F , q), we will
construct a map T → G(r, d).
First assume that F = ⊕dOT is trivial. Let ei = (0, . . . , 0, 1, 0, . . . , 0) ∈ ⊕rOT be the element
whose i-th entry is 1 and all others are zero. {ei} forms a standard basis for ⊕rOT . The
images q(ei) generate ⊕dOT , so there exist d of them which form a basis of ⊕dOT . In there
coordinates q can be written as a d × r matrix with a d × d-minor given by identity. Let
I ⊂ {1, 2, . . . , r} be the subset indexing this minor. Moreover, q gives us d(r − d) sections of

Γ(T,OT ). Thus, we get a map q : T → Ad(r−d)
Z . Further, by the choice of coordinates we can

also assume that this copy of Ad(r−d)
Z is actually U I .

Now for any T , there is an affine cover T = ∪kVk such that F is trivial. This gives us maps,
qkJ : Vk → UJ . Gluing these together, we get the required map q : T → G(r, d)1.

Motivated by this description, one can extend the Grassmannian construction to any co-
herent sheaf E.

Example 6.2 (Grassmannian of a coherent sheaf). Let E be a coherent sheaf on a Noetherian
scheme S. Using the description of the Grassmannian given in Example 6.1 we can define
the Grassmannian associated to the coherent sheaf E as

G(E, d) := QuotdE/S/S .

This functor is representable by a proper (actually, projective) scheme over S.
First assume that E is locally free of rank r. Since the Quot functor behaves well with respect
to base change, it is sufficient to check representability on an affine cover S = ∪iUi. Thus,
assume that U ⊂ S is an affine open, and there is an identification EU ' ⊕rOU . Then,

QuotdE/S/S ×S U = QuotdEU/U/U
= Quotd⊕rOU/U/U

which is representable since it is the base change of G(r, d) to U . Since G(r, d)U is proper for
any affine open U ⊂ S, so is G(E, d).
Now, suppose that E is any coherent sheaf. If r : E′ → E is a surjection of coherent sheaves
on S, we have a morphism of Quot functors,

r∗ : G(E, d)→ G(E′, d)

(F , q) 7→ (F , q ◦ r).

Further, given a surjection q′ : E′ → F on S with F locally free of rank d, the condition that
q′ factor through r : E′ → E is given by a closed subscheme S′ ⊂ S. To prove this, we have

to find the condition for the composite ker(r) ↪→ E′
q′→ F to be zero. By Lemma 6.4, this

defines a closed subscheme S′ ⊂ S. Thus, r∗ is representable by closed immersions. Now, on
any affine open U ⊂ S, we have a surjection ⊕nOU → EU . Hence, G(E, d)U is representable
by a closed subscheme of the Grassmannian G(n, d)U over U . Doing this on an affine cover
S = ∪iUi tells us that G(E, d) is representable by a proper S-scheme.

The following proposition shows that G(E, d) is projective over S.

Proposition 6.3. Let p : G(E, d) → S be the Grassmannian of a coherent sheaf E on S
as defined in Example 6.2. Let p∗E → F be the universal family on G(E, d). Then the

determinantal line bundle
∧dF is a line bundle on G(E, d) relatively very ample over S.

Since p : G(E, d)→ S is proper, this gives us a closed immersion G(E, d) ↪→ P(p∗(
∧dF)).

1With d = 1 we have just reworked Example 5.7
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Proof.
∧dF is a line bundle since F is locally free of rank d. By [Sta18, Tag 01VR], it suffices

to check relative very ampleness on an affine cover of S. Let U ⊂ S be an affine open. We
have a cartesian diagram,

G(E, d)U G(E, d)

U S

which shows that the family (p∗E)U → FU is universal over U . That is, for any U -scheme
T , any family ξ ∈ G(E, d)U is the pullback of (p∗E)U → FU . Moreover, we have a closed
immersion r∗ : G(E, d)U ↪→ G(r, d)U . An easy diagram chase shows that (p∗E)U → FU is
(isomorphic to) the pullback of the universal family on G(r, d)U . Thus, FU ' r∗UU where

UU is the universal quotient on U . The determinantal line bundle
∧d UU defines the Plücker

embedding σU : G(r, d) ↪→ P(π∗(
∧d UU )).

Since taking exterior powers commutes with pullback, we see that FU is relatively very ample
over U . Thus, F is relatively very ample over S. �

Lemma 6.4 (Vanishing of a homomorphism is a closed condition). Let A be a ring and
φ : M → N be a homomorphism of A-modules. Assume that N is projective. Then, there
is exists an ideal I ⊂ A such that induced map φ : M/IM → N/IN of A/I-modules is zero.
Further, if f : A→ B is any ring map such that φ⊗A idB : M ⊗A B → N ⊗A B is zero, then
f : A→ B factors through A/I.

Proof. Since N is projective, it is a submodule of a free module F . Thus, we may assume that
the target of φ is the free module F . Let φ(M) ⊂ F be the image. Let {ei} be the standard
basis of F and {vk} a set of generators of φ(M) in F . Each vk can be written as a linear
combination of the standard basis with coefficients in A, i.e, vk =

∑
i aikei. Take the ideal

generated by the coefficients I = (aik). Observe that, by construction, I(φ(M)) = φ(M).
Thus, φ is zero on A/I.

Now, take any ring map f : A → B such that φ(M) ⊗A B = 0. We need to show that
I ⊂ ker(f). We will show that f(aik) = 0 for every generator of I. For this, note that the
module φ(M)⊗A B is generated by the elements {vk ⊗A 1}. Thus,

vk ⊗A 1 =
∑
i

aikei ⊗A 1

=
∑
i

ei ⊗A f(aik)

Since φ(M)⊗A B = 0, we have that
∑

i ei ⊗A f(aik) = 0. But ei ⊗A 1 is a standard basis of
the free module F ⊗A B. This implies that f(aik) = 0 for all i, k. �

7. Castelnuovo-Mumford regularity

[Please refer to [FGI+05, §5.2]]

Definition 7.1. Let F be a coherent sheaf on Pnk . Let m be an integer. F is said to be
m-regular if we have

H i(Pnk ,F(m− i)) = 0 for each i ≥ 1.

As Nitsure points out in [FGI+05], this definition is very strange-looking. However, it is
quite useful for making inductive arguments with respect to suitable hyperplanes.
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Lemma 7.2 (Castelnuovo). Let F be a m-regular on Pnk . Then the following statements
hold:

(1) The canonical map H0(Pnk ,O(1)) ⊗ H0(Pnk ,F(r)) → H0(Pnk ,F(r + 1)) is surjective
whenever r ≥ m.

(2) H i(Pnk ,F(r)) = 0 whenever i ≥ 1 and r ≥ m − i. That is, if F is m-regular then it
also m′-regular for all m′ ≥ m.

(3) The sheaf F(r) is generated by global sections, and all its higher cohomologies vanish,
whenever r ≥ m.

Proof. Since cohomology behaves well with respect to field extension, we can assume that k
is infinite. We will now proceed by induction n.

When n = 0, all the statements are clearly true. So assume n ≥ 1.
Since k is infinite, we can find a hyperplane H ⊂ Pnk which does not contain any of the

finitely many associated points of F , so that FH is again m-regular. By induction hypothesis,
the assertions of the lemma hold for FH .
Proof of (2): As F is m-regular, H i(F(m − i)) = 0. For r > m − i, we use induction on r.
Consider the exact sequence

H i(F(r − 1))→ H i(F(r))→ H i(FH(r)).

By induction for r−1, the first term is zero. Meanwhile, the lemma holds for FH , so the last
term is zero. This completes the proof of (2).
Proof of (1): We have a commutative diargram,

H0(F(r))⊗H0(O(1)) H0(FH(r))⊗H0(OH(1))

H0(F(r)) H0(F(r + 1)) H0(FH(r + 1))

σ

µ τ

α νr+1

We need to show that µ is surjective.
By m-regularity of F and statement (2), H1(F(r−1)) = 0 for r ≥ m. Thus, the restriction

map νr : H0(F(r)) → H0(FH(r)) is surjective. Also, the restriction map ρ : H0(O(1)) →
H0(OH(1)) is surjective. This shows that their tensor product σ is surjective.

The map τ is surjective, by induction.
By commutativity of the above diagram, we have shown that νr+1 ◦ µ is surjective. This

means that H0(F(r+ 1)) = im(µ) + ker(νr+1). As the bottom row is exact, H0(F(r+ 1)) =
im(µ) + im(α). But since α factors through µ (since it is defined using the exact sequence
associated to H), H0(F(r + 1)) = im(µ). This shows (1).
Proof of (3): Note that by repeatedly applying statement (1), we have surjections

H0(F(r))⊗H0(O(p)) � H0(F(r + p))

for r ≥ m and p ≥ 0.
For p � 0, F(r + p) is generated by global sections. It follows that F(r) is generated by

global sections for r ≥ m. By statement (2), when r ≥ m, H i(F(r)) = 0 for all i ≥ 1. This
proves (3). �

The following technical result how m-regularity is used in the proof of Theorem 5.6.

Theorem 7.3 (Mumford). Given any non-negative integers p and n, there exists a polyno-
mial Fp,n in n+ 1-variables with the following property:
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For any coherent subsheaf F ⊂ ⊕pOPn
k

with Hilbert polynomial χ(F(r)) =
n∑
i=0
ai(

r
i ), F is

Fp,n(a0, . . . , an)-regular.

Proof. (See [FGI+05, Theorem 5.3]). Since cohomology behaves well with respect to extension
of fields, we can assume that k is infinite.

The proof is by induction on n. When n = 0, we can take Fp,0 to be any polynomial (what
are coherent sheaves on P0?).

Let n ≥ 1. Since k is infinite, we can find a hyperplane H ⊂ Pnk which does not contain
any of the finitely many associated points of ⊕pOPn

k
/F . Thus, tensoring with OH gives us

an exact sequence,

0→ FH → ⊕pOH → ⊕pOH/F → 0.

This shows that FH is isomorphic to a subsheaf of ⊕pOPn−1
k

/F .

Further, we have an exact sequence,

0→ F(−1)→ F → FH → 0,

which implies that χ(FH(r)) = χ(F(r))− χ(F(r − 1)). Expanding this out we see that

χ(FH(r)) =

n∑
i=0

ai(
r
i )−

n∑
i=0

ai
(
r−1
i

)
=

n∑
i=0

ai
(
r−1
i−1

)
=

n−1∑
j=0

bj(
r
j )

where the coefficients bj ’s have the expressions bj = gj(a0, . . . , an) where each gj is polynomial
with integer coefficients (independent of k and F).

By induction hypothesis, there exists a polynomial Fp,n−1 such that F is m0-regular for
m0 = Fp,n−1(b0, . . . , bn−1). Substituting the expression of bj ’s in terms of the ai’s, we get
that m0 = G(a0, . . . , an), where G is a polynomial with integer coefficients inndependent of
k and F . Now, for any m ≥ m0 − 1, we have long exact sequence,

0→ H0(F(m− 1))→ H0(F(m))→ H0(FH(m))→ H1(F(m− 1))→ H1(F(m))→ 0 . . .

For i ≥ 2, m0-regularity of FH , gives us isomorphisms H i(F(m− 1)) ' H i(F(m)). Morover,
we have surjections H1(F(m− 1))→ H1(F(m)) showing that h1(F(m)) is a monotonically
decreasing function in m for m ≥ m0 − 2.

In fact for m ≥ m0, the function h1(F(m)) is strictly decreasing meaning that

H1(F(m)) = 0 for m ≥ m0 + h1(F(m)).

To see this, note that h1(F(m − 1)) ≥ h1(F(m)) for m ≥ m0. As F is m-regular, the
restriction map νj : H0(F(j))→ H0(FH(j)) is surjective for all j ≥ m, so that h1(F(j−1)) =
h1(F(j)) for all j ≥ m. As h1(F(j)) = 0 for j � 0, H1(F(m)) eventually becomes zero for
m ≥ m0.

Now, as F ⊂ ⊕pOPn , we must have h0(F(r)) ≤ ph0(OPn(r)) = p( n+r
n ). Since hi(F(m)) =

0 for i ≥ 2 and m ≥ m0 − 2, we now get,
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h1(F(m0)) = h0(F(m0))− χ(F(r))

≤ p
(
n+m0

n

)
−

n∑
i=0

ai

(
m0

i

)
= P (a0, . . . , an)

where P (a0, . . . , an) is a polynomial expression in a0, . . . , an, obtained by substituting m0 =
G(a0, . . . , an). Thus, the coefficients of the polynomial P (x0, . . . , xn) are independent of k
and F . As h1(F(m0)) ≥ 0, we must have P (a0, . . . , an) ≥ 0. Thus, we get

H !(F(m)) = 0 for m ≥ G(a0, . . . , an) + P (a0, . . . , an).

Taking Fp,n(x0, . . . , xn) := G(x0, . . . , xn) + P (x0, . . . , xn), we see that F is Fp,n(a0, . . . , an)-
regular. �

8. Flattening Stratification

We will now prove the result which constitutes “the last step” in the proof of Theorem 5.6.

Theorem 8.1 ([FGI+05, Theorem 5.13]). Let F be a coherent sheaf on PnS with S a Noe-
therian scheme. Then the set I of Hilbert polynomials of F on the fibers of PnS → S is a
finite set. Moreover, for each f ∈ I, there exists a locally closed subscheme Sf ⊂ S such that
the following conditions hold:

(1) |S| =
∐
f |Sf |, set-theoretically;

(2) for any morphism φ : T → S with T connected, the pullback φ∗F is flat on PnT with
Hilbert polynomial f if and only if φ : T → S factors through Sf .
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Science Publications. 7

[Ols16] Martin Olsson. Algebraic spaces and stacks, volume 62 of American Mathematical Society Colloquium
Publications. American Mathematical Society, Providence, RI, 2016. 20

[Sta18] The Stacks Project Authors. Stacks Project. https://stacks.math.columbia.edu, 2018. 10, 11, 17,
24, 25, 26, 27, 36

[Wat75] William C. Waterhouse. Basically bounded functors and flat sheaves. Pacific J. Math., 57(2):597–
610, 1975. 15

https://www.math.wisc.edu/~bboggess/notes/moduli.pdf
https://www.math.wisc.edu/~bboggess/notes/moduli.pdf
https://stacks.math.columbia.edu

	1. Schemes
	1.1. Two ways of Gluing Pn.
	1.2. P versus locally P.
	1.3. Line Bundles on P1.
	1.4. A classical interlude.
	1.5. Proj of a graded ring.
	1.6. Closed subschemes of Pn.
	1.7. Some more examples.

	2. Morphisms
	2.1. To be (or not to be) Noetherian.
	2.2. Morphisms to Pn.

	3. Sites, Sheaves, and Representable functors
	3.1. A Commutative Algebra Detour.
	3.2. Various Topologies on Affine Schemes.
	3.3. Various Topologies on Schemes.
	3.4. Presheaves and the Yoneda Embedding.
	3.5. The Sheaf Condition.
	3.6. A Criteria for Representability.

	4. Hilbert Polynomials
	4.1. Integer-valued polynomials and polynomial-like functions.
	4.2. The Hilbert function.
	4.3. Coherent sheaves on Projective space.
	4.4. Flat base change.
	4.5. Hilbert polynomial in flat families.

	5. Various of Moduli Problems
	5.1. Fine and coarse moduli.
	5.2. Hilbert and Quot functors.
	5.3. Some more moduli functors.

	6. Grassmannians
	7. Castelnuovo-Mumford regularity
	8. Flattening Stratification
	References

